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, Standard Template Library

1 Generic Programming,
Standard Template Library

Before we start with C++ Standard Template Library, we must know some

basics about genetic
programming in C++ and how templated classes are made. Let's us start our journey with Ce+ tem

1 4
plates

C++ Templates

Templates are a feature of the C++ programming language that allows functions and classes

L0 operate
with generic types. This allows a function or class to work on many different data types without being
rewritten for each one.

C++ STL has some containers (pre-build data structures) like vectors, iterators, pairs et

. These are
generic class which can be used to represent collection of any data type.

Generic Programming using C++ Templates

Every program we write revolves around 3 things - data, algorithms and containers.
Let us try to understand the role of each.

1. Data: Every program has some input and output data. For e.g.: A program to control the moveman s
of self-driving car will have some input data like images,visual data from surrounding and output
could be int/floating value denoting the required acceleration of the car.

2. Algorithm : Algorithm is the required logic which operates on the input to generate desired output
These algorithms can be made generic using templates in C++.

3.

Container : A container is a holder object that stores a collection of other objects (its elements)
They are implemented as class templates, which allows a great flexibility in the types supported
as elements. The container manages the storage space for its elements and provides member
functions to access them, either directly or through iterators. C++ provides various containars like
list, vector{dynamic array), stack, queue etc which are used in algorithms for storing in data.

Making Generic Functions & Classes in C++

Let us consider a simple function to search an element in an array.
it searchlint arr(], 10t n, int elementToSearch) (
for {int pos = 0; pos < n; ++pos) {

i {arr[pos) == elementToSearch) {

CODING ; |
~ BLOCKS ' :
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fetunn pos;

|
retuin -1,

)

Observation

The searc .
e search function above waorks, only loran integer array, However the functionality search, i logically

2 A N -4 N i |
separate from array and _\““““'h]” 1o all data Lypess, b, neare hing a char in o char array of ‘,":lr'_hlr;;{ 1%
applicable in Searching in o lnked list,

Hence, data, algorithms and containers are logleally separate but very strongly connected 16 each
other,

Generle Programming enables programmer to achieve this logical separation by writing
general algorithms that work on all contalners with all data types,

Separating Data

A function can be made general to all data types with the help of templates,

Templates are a blueprint based on which compller generates a function as per the requirement:
To create a template of search tunction, we replace int with a type T and tells compiler that Tis ot
using the statement template <class T

template <class T

int search(T arre[], int n, T elementToSearch) {
for (int pos = 0; pos < n; ++pos) {

il (arr[pos] == elementToSearch) {
relurn pos,;

}
return -1;
}
Now the search function runs for all types of arrays for which statement 4 is defined.
Now the search function runs for all types of arrays for which statement 4 is defined.
int arrint[100];
char arrChar[100];
float arrFloat[100);

Book arrBook[100], X;  //X s a book
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searchiarring, 100, 5); /T is replaced by int
ssarch{arrChar, 100, ‘A’); //T is replaced by char
search{arrfloat, 100, 1.24); //T is replaced by float
se3rchiarrBook. 100, X); //T is replaced by Book.

-
. R
20, one

unction can be run on different data types. This makes our function general for all types of

Inthe 2

Ctual code that is produced after compilation, 4 different functions will be produced based on
he template with T replaced accordingly.

You could use <typename T> or <class T> in the template statement 1. The keywords typename and
<358 serve the same purpose.

Separa ting Algorithm

7€ s2arch function will not work for Book objects if computer doesn’t know how to compare 2 books.
S0 our function is limited in some sense. To work it for all data types, we use a concept of comparator
(zlso see predicate).

Let’s rewrite the templated search function again
temoiate <class T, class Compare>
‘nt search(T arr[], int n, T elementToSearch, Compare obj) {
//compare is a class that has () operator overloaded
7or (int pos = 0; pos < n; ++pos) {
7 (obj{arr[pos], elementToSearch) == true) {

//abj compares elements of type T

gt

To use the search function for integers, you shall now write:

//defining a class compare

class comparelnt {

ool operator()(int a, int b) {

Ty
=0
100
n—
xZ
7 141
R
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una==b ?true : false,

//calling search templated function
comparelint obj;

[{abj is the object of class comparelnt
searchlarrint, 100, 20, obj); /[T replaced with int

//Campare replaced with comparelnl

Line 4 works since objlxint, yint) is defined by the class comparelnt
To use search function for a book cluss, We should wiite a compareionk rlass
class compareBook|
public:
noo! aperator(jlconct Booké B1, runs Booké )
ratiuen Bl.getisbn () == B2.getishnl);
}
cezrchlarrBook, 100, 7, compareBook),
//calling search function
The came cearch function now operators for Books just by writing & srnall compare class,
b sigwever, search function still works only for arrays, However the functionality of searching esten
vy tist equally, To make it general for all containers(here array) we introduce a coneept of iterataor:

our discussion,

Separating Containers
Iterators

Visuzlise iterators as an entity using which you can access the data within a container with certain
restrictions.

These are classified into 5 categories

Ingut Iterator - An entity through which you can read from container and move ahead.

Gue . What sort of container will posses an Input Iterator???
Lol k keyboard,

Gutput lterator fn entity through which you can write into the container and move aheat.
Container like printer or monitor will have such an iterator,

————
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e e

Forward |
< terator |ter, ; ,
terator with functionalities of both Input and Output iterator in single direction.

Siflq/y linke X
$ wked list wi cpc
ill posses q forward entity since we can read/write only in the forward direction.

Bidirect;
tonal Iterator [ ;
1tor Forward iterator that can move in both the directions.

Doubly linked 1; :
v linked list will posses a bidirectional iterator.

Randoy
< N Access lter :
2SS a - . . g " ‘
tor Iterator that can read/write in both directions plus can also take jumps.

An arrq [ ump to
vV will have rand 1 ]
om access iterator. Since, you can | p ti ' ‘
_ 4 2 ump by writing arr(5], which means pt
the 5th element. / ' . o

Enti ;
'ty that does this, behaves like a pointer in some sense.

To write sear i : .
ch function that is truly independent of data and the underlying container, we use iterator.

tem
emplate<class Forwardlterator, class T, class Compare>

Forw [
ardlterator search(Forwardlter beginOfContainer, Forwardlter endOfContainer,
T elementToSearch, Compare Obj) {

while (beginOfContainer I= endOfContainer) {

if (obj((*beginOfContainer), elementToSearch) == true) break; //iterators are like
pointers!

++beginOfContainter;

}
return beginOfContainer;
1
Here, beginOfContainer is a Forwarditerator, i.e., beginOfContainer must know how to read/write
and move in forward direction.
So, if a container has at least Forwardlterator, the algorithm works. Hence, it works for list, doubly

linked list and array as well thus achieving generality over container.

//search for book in an array
search(arr, arr + n, X, compareBook);
//search for book in a list

list<Book> Ib; // see list

search(Ib.begin(), Ib.end(), X, compareBook);

//begin and end are member function of the class list.

Summary
Using templates, we achieve freedom from data types

1.
Using comparators, we achieve freedom from operation(s) acting on data

2.

3. Using iterators, we achieve freedom.from underlying data structure (container).
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Working with C++ STL Containers

C++ provides a powerful Standard Template Library(STL) template library,which is a set of C++ template
classes to provide common programming data structures and functions.

1. Algorithms : There are inbuilt algorithms for tasks like sorting,searching etc. We will discuss these
in the later part of the chapter.

2. Containers : Containers or container classes store objects and data. They are divided into following
categories.

Sequence Containers : Implement data structures which can be accessed in a sequential manner.
(a)  Vector (b)  List (c)  Deque (d)  Arrays

(e) Forward list (Introduced in C++11)

Container Adaptors : provide a different interface for sequential containers.

() gueue (g) priority queue (h) stack

Associative Containers : Implement sorted data structures that can be quickly searched (O(log n)
complexity).
(i) Set (j) Multiset (k) Map (1 Multimap

C++ provides a powerful alternative for the char * . It is not a built-in data type, but is a container ¢/ s

in the Standard Template Library. String class provides different string manipulation functions |
concatenation, find, replace etc. Let us see how to construct a string type.
string s1; //s1=""
string s2 (s1); // s2 = “Hello”
string s3 (s1, 1, 2); // s3 = “el”
string s4 (“Hello World”, 5); // s4 = “Hello”
string s5 (5, *’); /[ s5 = “*****"
string s6 (s1.begin(), s1.begin()+3); //s6= “Hel”
Here are Some Member Functions :

O append(): Inserts additional characters at the end of the string. (can also be done using ‘+’ or ‘+=’
operator). It’s time complexity is O(N) where N is the size of the new string.

U begin(): Returns an iterator pointing to the first character. Its time complexity is 0(1)

QO clear(): Erases all the contents of the string and assign an empty string (“”) of length zero. Its time
complexity is O(1).

U compare(): Compares the value of the string with the string passed in the parameter and returns

an integer accordingly. Its time complexity is O(N + M) where N is the size of the first string and M
is the size of the second string.

P -
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co : i . . . )
ofFZ\l"(z C(:ples the substring of the string in the string passed as parameter and returns the number
ra i i et
aracters copied. Its time complexity is O(N) where N is the size of the copied string.

d en : -
‘ 1pty(): Returns a boolean value, true if the string is empty and false if the string is not empty. Its
time complexity is O(1).
end(): Returns an iterator pointing to a position which is next to the last character. Its time
complexity is O(1).

I . . -

 erase(): Deletes a substring of the string. Its time complexity is O(N) where N is the size of the new
string.

a H . i .

A find(): Searches the string and returns the first occurrence of the parameter in the string. Its time
complexity is O(N) where N is the size of the string.

O insert(): Inserts additional characters into the string at a particular position. Its time complexity is
O(N) where N is the size of the new string.

Q

length(): Returns the length of the string. Its time complexity is O(1).

O size(): Returns the length of the string. Its time complexity is 0(1).

(.

substr(): Returns a string which is the copy of the substring. Its time complexity is O(N) where N is
the size of the substring.

Vectors are sequence containers that have dynamic size. In other words, vectors are dynamic arrays.
Just like arrays, vector elements are placed in contiguous storage location so they can be accessed and
traversed using iterators. To traverse the vector we need the position of the first and last element in
the vector which we can get through begin() and end() or we can use indexing from O to size().

vector<int> a; // empty vector of ints
vector<int> b (5, 10); // five ints wit h

value 10
vector<int> ¢ (b.begin(),b.end());
// iterating through second

vector<int>d (c); // copy of
S_ome_oLmaMgm,b_eLF_qugﬁ_Qn_s_QL\ljﬂij—?

3 at() : Returns the reference to the element at a particular position (can also be done using ‘[ '

operator). It’s time complexity is 0(1).

0 back() : Returns the reference to the last element. It's time complexity is O(1).

0 begin() : Returns an iterator pointing to the first element of the

0] Vector: It'stime complexity is O(1).

0 clear() : Deletes all the elements from the vector and assign an empty vector. It's time complexity

is O(N) where N is the size of the vector.

’ ;«!_-'];.“»—
e
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< empty() : Returns a boolean value, true if the vector is empty and false if the vector is not empty.
Its time complexity is O(1).

. _ ' 1 se p vector.
< end() : Returns an iterator pointing to a position which is next to the last element of the

Its time complexity is O(1).
e PO, : here
<1 erase() : Deletes a single element or a range of elements. It's time complexity is O(N + M) w

N is the number of the elements erased and M is the number of the elements moved.

L

front() : Returns the reference to the first element. It's time complexity is 0(1)-

< insert() : Inserts new elements into the vector at a particular position. ts time complexity is
O(N + M) where N is the number of elements inserted and M is the number of the elements
moved.

- pop_back() : Removes the last element from the vector. It’s time complexity is O(1).
2 push_back() : Inserts a new element at the end of the vector. It’s time complexity is O(1).

2 resize() : Resizes the vector to the new length which can be less than or greater than the current
length. It's time complexity is O(N) where N is the size of the resized vector.

2 size() : Returns the number of elements in the vector. It's time complexity is O(1).

List is a sequence container which takes constant time in inserting and removing elements. List in STL
is implemented as Doubly Link List. The elements from List cannot be directly accessed. For example

to access element of a particular position, you have to iterate from a known position to that particular
position.

list <int> LI;
list<int> LI(5, 100)

//here LI will have 5 int element s of
value 100

Some of the Member Function of List:

-l begin( ) : It returns an iterator pointing to the first element in List. Its time complexity is O(1).

] end( ) : It returns an iterator referring to the theoretical element(doesn’t point to an element)
which follows the last element.lts time complexity is O(1).

O empty( ) : It returns whether the list is empty or not.It returns 1 if the list is empty otherwise
returns 0.1t’s time complexity is O(1).

) back( ) : It returns reference to the last element in the list.It’s time complexity is O(1)

O assign( ) : It assigns new elements to the list by replacing its current elements and change it’s size
accordingly.It time complexity is O(N).

0 erase( ) : It removes a single element or the range of element from the list. It's time complexity is
O(N).

o
N |
i
!
|
|
i
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Q ‘ :

front( ) : It returns reference to the first element in the list.It’s time complexity is 0(1).

a : ' . .
push_back( ) : It adds a new element at the end of the list, after its current last element. it's time
complexity is O(1).

;

' push_front( ) : It adds a new element at the beginning of the

It’s time complexity is O(1).

list, before its current first element.

O remove( ) : It removes all the elements from the list, which are equal to given element. Its time

complexity is O(N).
O pop_back() : It removes the last element of the list, thus reducing its size by 1. Its time complexity

is O(1).
O pop_front() : It removes the first element of the list, thus re
is O(1).
O insert( ) : It insert new elements in the list before the ele

ducing its size by 1. It’s time complexity

ment on the specified position. It’s time

complexity is O(N).

O reverse () : It reverses the order of elements in the list. It’s time complexity is O(N).

Q size( ) : It returns the number of elements in the list. It’s time complexity is 0(1).

Pair is a container that can be used to bind together a two values which may be of different types.

Pair provides a way to store two heterogeneous objects as a single unit.

pair <int, char> p1; // default
pair <int, char> p2 (1, ‘a’); // value initialization

pair <int, char> p3 (p2); // copy of p2

tialize a pair using make_pair() function. make_pair(x, y) will return a pair with first

We can also ini
element set to x and second element set to y.
pl= make_pair(2, 'b’);

To access the elements we usé keywords, first and second to access the first and second element
respectively.

cout << p2.first << 4 << p2.second << endl;

Set and Multiset
Sets are containers which store only unique values and permit easy look ups. The values in the sets are
ome specific order (like ascending or descending). Elements can only be inserted or deleted,

stored in s
put cannot be modified. We can access and traverse set elements using iterators just like vectors.
ers that store elements following a specific order, and where multiple elements

Multisets are contain
can have equivalent values.
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-a-glmux:xset, the value of an element also identifies it (the value is itself the key, of typs 7). The vaiue
of the elements in a multiset cannot be modified once In the container (the elements ace i i
censtant], but they can be inserted or removed from the container,
set<int> sl; // Empty Set

~taf]={1, 2,3, 4,5, s}

set<int>s2(a,a+6);//s2={1,2,3,4,5}

set<int> s3 (s2); // Copy of s2

set< > st (s3.begin(), s3.end()); // Set created using iterators

multiset<int> first; // empty multiset of ints

CHRR S

int myints[]= {10,20,30,20,20};
Ultiset<int> second (myints,myints+5); // pointers used as [terators

Itisat<int> third (second); // a copy of second
~+> fourth (second.begin(), second.end()); //multiset created using iterators

mu

multiset<]

~a of the Member Functions of Set are :
or to the first element of the set. It’s time complexity is O(1).

2 begin() : Returns an iterat
t will be empty . Its time complexity is O(N)

—

1 clear() : Deletes all the elements in the set and the se

where N is the size of the set.
r 0 if the element is in the set or not respectively. Its time complexity is

1 count() : Returns 1 0

O(logN) where N is the size of the set.
he set has at least one element. Its tirr -

1 empty() : Returns true if the set is empty and false if t

complexity is O(1).
inting to a position which is next to the last element. Its tir

2 end() : Returns an iterator po

complexity is O(1).
s a particular element or a range of elements from the set. Its time comples™ 5

] Erase () : Delete
O(N) where N is the number of element deleted.

Find () : Searches for a particular element and returns the iterator pointing to the element
d otherwise it will return the iterator returned by end(). Its time comple

w

element is foun
O(logN) where N is the size of the set.

Insert () : insert a new element. Its time complexity is O(logN) where N is the size of the

U

size() : Returns the size of the set or the number of elements in the set. Its time complexity

L
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#mclude<iostream>
#include<set>

using nNamespace std :
int main(){

//Create 3 Set - Set Stores unique entries in sorted order
set<int> S;

//Insert in Set
s.insert(10);
s.insert(12);
s.insert(10);
s.insert(3);
s.insert(8);
s.insert(12);
//Deletion
s.erase(12);
//Searching
auto f = s.find(3);
if(f!l=s.end()){
cout<<“3 exists”<<endl; // 3 exists
}
//Iterating using a for each loop

for(auto no:s){
cout<<no<<““;//3810

}

Maps are
the combination of key va
uniquely identify the elements
different. Elements in map are a
directly by their key using bracket operator ([ ).

tainers which store elements by mapping their value against a particular key. It stores
n Y o

- lue and mapped value following a specific order. Here key value are used to
mapped to it. The data type of key value and mapped value can be

lways in sorted order by their corresponding key and can be accessec

R —— T
R — -
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--t.‘df B_, I‘,‘,g,q!fé R o i el S e VSl S



standard Template Library

|H II‘I.I[), k(.v l"ld mappe *have » ’ (-I’ \ ,lh]‘ cat l'
‘ ' ((I Vl‘l“( ' [ (RN | ).lil ty I (”'nl)' ¥ “ | t ”l P'- 1 ”],"l‘l
7 ' ' ”l'( “”, "‘ LA ‘/ ‘ 7 o

CCe! \Qd L) i 2 i i
a | ”"‘ ‘ Gt (Vp(‘ 'llH(tlUl\.”lll(“, W”h 'hl‘ IN‘I') ()’ |“ ral
5 5 ' D ) Halars,

map <char ,int > mp;
mp[‘b’] = 1;

In- map mp ) ; :
ap mp , the values be will be in sorted order according to the key.

Some Member Functions of Map :
t identified with key its time

g . _
at( ) : Returns a reference to the mapped value of the elemen

complexity is O(logN).
apped by the given key and returns the number of

y, then it will return 1 if match if found

-l Count( ) : Searches the map for the elements m
matches. As map stores each element with unique ke
otherwise return O.Its time complexity is O(logN).

by removing all the element

s from the map and leaving it with its size

(1 clear( ) : Clears the map,

0.1ts time complexity is O(N).
O begin( ) : Returns an iterator(explained above) referring to the first element of map.lts time

complexity is 0(1).
ment(doesn’t point to an element)

0 end( ) : Returns an iterator referring to the theoretical ele
which follows the last element.lts time complexity is 0(1).

Checks whethe y the map.It returns 1 if the I

ce returns 0. It's time complexity is O(1).

t or the range of element from the map.

given key, and returns an iterator to it, if itis

Iy

he theoretical element which follows the

O empty(): r the map is empty or not. It doesn’t modif
map is empty otherwi
Removes a single elemen

earches the map for the element with the
rtot

0 erase():

Qa find(): S
present in the map otherwise it returns an iterato
Jast element of map.lts time complexity is O(logN).

e element or the range of element in the map.lts tim

inserted and O(1) when position is also given.

O insert( ) : Insert a singl e complexity is O(logN’
when only element is

Unordered Maps

Unordered maps fall under
value to store the corresponding elements.
uniquely identify the element, while the mapped value stores
These data structures allow for fast retrieval of individual contained elements based on their map

keys. Internally, the elements in the unordered_map are not sorted in any particular order with respect
to enfher th‘elr key or mapped values, but organized into buckets depending on their hash values 10
allow for fast access to individual elements directly by their key values (with a constant average time

the subset of associative containers that use a pair of a key and a mapped

In an unordered map, the key value is usually used to

the content associated to this key
ped

- complexity on average.
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Note

Maps and Unordered Maps have almost the same functions, but have different underlying

implementations. We say unordered maps take O(1) time for search, insert and erase in average case,

hence are very useful,

Element ordering

comman implementation

search time

Insertion time
Deletion time
needs comparators

needs has function

common use case

Map
strict weak

balanced tree of red-
black tree

log(n)

log{n) + rebalance
log(n) + rebalance
only operator <

no

when good has is not
possible or too slow.
Or when order is
required

Unordered_map

n/a

hash table

Of1} if no has collisions,
upto to O(n) if there are hash
collisions, O(n) when hash is
same for any key

Same as search
Szame as search
only operator --

yes

In most other cases

find( ) : Searches the container for an element with & as key and returns an iterator to it if found,

Q
otherwise it returns an iterator to unordered_map::end.

- rehash( ) : Sets the number of buckets in the container to n.

- insert( ) : inserts a new key-value pair into the container.

-l erase():Removes from the unordered_map container either a single element or a range of elements

- count( ) : This function returns 1 if an element with that key exists in the container, and zero
otherwise.

J load_factor( ) : This function returns a floating value denoting current load factor in the
unordered_map container.

load_factor = current_size / bucket_count

J clear( ) : Clears the map, by removing all the elements from the map and leaving it with its size
0.1ts time complexity is O(N).

_] begin( ) : Returns an iterator(explained above) referring to the first element of map.lts time
complexity is O(1).

2] end( ) : Returns an iterator referring to the theoretical element(doesn’t point to an element)
which follows the last element.lts time complexity is O(1).

_1 Operator| ] : If k matches the key of an element in the container, the function returns a reference

to its mapped value.

CODING |
BLOCKS R A
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Example :
#include<iostream>

#include<unordered_map>

using namespace std;

/*

class Fruit{
price;
color;
sweetness;
state;
id;
vendor;

}

*/

int main(){

unordered_map<string,int> h;

//unordered_map<string,Fruit> h2;

//Insertion

h[“Mango”] = 100;

//Updation

h[“Mango”] = 80;

//Print the value if Mango Exists

if(h.count(“Mango”)!=0){
cout<<h[“Mango”]<<endl;

}
//Another Way to insert
h.insert(make_pair(“Kiwi”,170));
//Searching for a given fruit
string f;
cin>>f;
if(h.count(f)){
cout<<“Fruit costs”<<h[f]<<endl;

}

else{
cout<<“Fruit doesn’t exist”;

}
//Deleting a Fruit(key)
h.erase(“Mango”)

\
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//Print all the elements
for(auto p:h){

cout<<p.first<<” and “<<p.second<<endl;

}

return 0;

Stack

Stack is a container which follows the LIFO (Last In First Out) order and the elements are inserted and

deleted from one end of the container. The element which is inserted last will be extracted first.
stack <ipt> s;

Some of the Member Functions of Stack are :

push( ) : Insert element at the top of stack. Its time complexity is O(1).
pop( ) : Removes element from top of stack. Its time complexity is O(1).
top( ) : Access the top element of stack. Its time complexity is O(1).

empty( ) : Checks if the stack is empty or not. Its time complexity is O(1).

O

size( ) : Returns the size of stack. Its time complexity is O(1).

Queue

Queue is a container which follows FIFO order (First In First Out) .

Here elements are inserted at one
end (rear ) and extracted from another end(front).

queue <int> q;

Some member function of Queues are:

L} push( ) : Inserts an element in queue at one end(rear ). It’s time complexity is O(1).

U

pop( ) : Deletes an element from another end if queue(front). It’s time complexity is O(1).

front( ) : Access the element on the front end of queue. It’s time complexity is 0(1).

0o O

empty( ) : Checks if the queue is empty or not. It’s time complexity is 0(1).

O

size( ) : Returns the size of queue. Its time complexity is O(1).
Priority Queue
A priority queue is a container that provides constant time extraction of the largest element, at the
expense of logarithmic insertion. It is similar to the heap in which we can add element at any time but
only the maximum element can be retrieved. In a priority queue, an element with high priority is
served before an element with low priority.

" priority_queue<int> pa;
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To make a min-priority queue, declare priority queue as:
#include <functional> //for greater <int>
//min priority queue

priority_queue < int, vector < i >,greater <i;11> > pq;

Some Member Functions of Priority Queues are ;
-1 empty() : Returns true if the priority queue is empty and false if the priority queue has at least one
element. Its time complexity is O(1).

-~} pop() : Removes the largest element from the priority queue. Its time complexity is O(logN)

where N is the size of the priority queue.

1 push() : Inserts a new element in the priority queue. Its time complexity is O(logN) where N is the
size of the priority queue.

L1 size() : Returns the number of element in the priority queue. Its time complexity is O(1).

top() : Returns a reference to the largest element in the priority queue. Its time complexity is

0(1).

(W

Example :

#include<iostream>
#include<queue>
#include<vector>
#include<functional>
#include<cstring>
using namespace std;
//To Compare Integers
class myComparison{
public:

bool operator()(int a,int b){

return a<b;

}
L

class Person{
public:
~ char name([20];

~int money;

A
&
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Person(){
name[0] = "\0’;
money = Q;
}
Person(char *n,int m){
money =m;

strepy(name,n);

}
void print(){
if(money>1000){

cout<<name<<“is Rich”<<endl;

Double-ended queues are sequence containers with dynamic sizes that can be expanded or contracted
on both ends (either its front or its back).

deque<int> first; // empty deque of integer

deque<int> second (4,100); // four ints with value 100

deque<int> third (second.begin(),second.end()); // iterating through second

deque<int> fourth (third); // a copy of third

Some Member Functions of Deque are:

O assign() : Assigns new contents to the deque container, replacing its current contents, and modifying
its size Accordingly.

at(n) : Returns a reference to the element at position n in the deque container object.
back() : Returns a reference to the last element in the container.

begin() : Returns an iterator pointing to the first element in the deque container.
empty() : Returns whether the deque container is empty (i.e. whether its size is 0).

end() : Returns an iterator referring to the past-the-end element in the deque container.

0 b R

erase() : Removes from the deque container either a single element (position) or a range of
elements ([first,last)).

front() : Returns a reference to the first element in the deque container.

pop_back() : Removes the last element in the deque container, effectively reducing the container
size by one.
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J pop_front() : Removes the first element in the deque container, effectively reducing its size by
one.
¢ after its current last element,

<1 push_back() : Adds a new element at the end of the deque containe
container, right before itg

I push_front() : Inserts a new element at the beginning of the deque

current first element.

1 size() : Returns the number of elements in the deque container.

lterator
a range of elements (such as an array or a

An iterator is any object that, points to some element in (with at least
. " . rs (with at leas
container) and has the ability to iterate through those elements using a set of operato

the increment (++) and dereference (*) operators).

For Vector:
vector <int>:iterator it;

For List:
list <int>::iterator it;

etc....
TIME TO TALK ABOUT ALGORITHMS !

<algorithm>
The header <algorithm> defines a collection of functions especially designed to be used on ranges

of elements.

binary_search(first,last,val)
Returns true if any element in the range [first,last) is equivalent to val, and false otherwise.

binary_search (v.begin(), v.end(), 3))
//v is a vector

find(first,last,val)
Returns an iterator to the first element in the range [first,last) that compares equal to val. If no such

element is found, the function returns last.
it = find (myvector.begin(), myvector.end(), 30); //it is an iterator

lower_bound(first,second,val)
Returns an iterator pointing to the first element in the range [first,last) which does not compare less

than val.
it = lower_bound (v.begin(), v.end(), 20); //v is a vector

upper_bound(first,second,val)

con
- BLO)
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Returns an iterator pointing to the first element in the range [first,last) which compares greater than
val.

it = upper_bound (v.begin(), v.end(), 20); //v is a vector
max(a,b)

Returns the largest of a and b. If both are equivalent, a is returned.

cout << max(a,b);

min(a,b)

Returns the smallest of a and b. If both are equivalent, a is returned.
cout << min(a,b);

reverse(first,last)

Reverses the order of the elements in the range [first,last).

reverse(myvector.begin(),myvector.end());

rotate(fi rst,middle,last)

Rotates the order of the elements in the range [first,last), in such a way that the element pointed by
middle becomes the new first element.

rotate(myvector.begin(),myvector.begin()+3,myvector.end());

sort(first,last)

Sorts the elements in the range [first,last) into ascending order.
sort(v.begin(),v.end());

sort(a,a+n);

sort(v.begin(),v.end(),comparator);

sort(a,a+n,comparator);

swap(a,b)
Exchanges the values of a and b.

swap(a,b);

next_permutation(first,last)
Rearranges the elements in the range [first,last) into the next lexicographically greater permutation.

next_permutation(v.begin(),v.end());

¥
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[ SOME EXAMPLES

Sort Game, HackerBlocks
M e H

tsorting, #vect ftpairs .
(4 B, #lvectors, #pairs) simum salary 1% 100.
mat

ir salary. The
' asing, order of

he list is sorted in decre ‘
hould be arranged in lexicopraphical

i ali i an or
loyees having salary greater than

Sanju needs your help! He gets a list of employees with the
Sanju is supposed to arrange the list in such a manner that t
salary. And if two employees have the same salary, they s
manner such that the list contains only names of those emp
equal to a given number x.

Help Sanju prepare the same! ’
n integer x. The next line containsg

: irst li standard input, there is a . .
" e . danting th . follow, which contain a string

integer N, denoting the number of employees. N lines

and an integer, denoting the name of the employee and his salary.

79

4

Eve 78

Bob 99

Suzy 86

Alice 86
Qutput: Bob99

Alice 86

Suzy 86
Solution :
Code :
#include<iostream>
#include<algorithm>
#include<cstring>

using namespace std;
bool myCompare(pair<string,int> p1,pair<string,int> p2){
///first = Name, second = Salary
/// Preference Salary > Name
if(p1.second==p2.second){
return pl.first < p2.first;

}

~return pl.second > p2.second;

void Sort(emp[]){

\ .
SO
t—o. :
Q

o

\
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for(int i=0;i<n;i++){
if( myCompare(emplil,emp[i+1])){
swap(empli],emp[i+1]);

}
}
int main(){
int min_salary,n;
pair<string,int> emp[100005];
cin>>min_salary;
cin>>n;
string name;
int salary;
for(int i=0;i<n;i++){
cin>>name>>salary ;
empli].first = name;
emplil.second = salary;
}
sort(emp,emp+n,myCompare);
///Print
for(int i=0;i<n;i++){
if(empli].second>=min_salary){
cout<<empli].first << “<<empli].second<<endl;
}
}
return O;

}

2. ArraySub, Spoj
(#sliding-window, #deque)

Given an array and an integer k, find the maximum for each and every contiguous subarray of

lsrlmzpeu:: The number n denoting number of elements in the array then after a new line we have
the numbers of the array and then k in a new line
9
123145236
o

OQutput: 3345556
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solution :
Code :
ftinclude<iostream»
#include<cstdio»
#include<deque>
using namespace std;
int a[1000001});
int main(){
int n,k,i;
scanf(”%d”,&n);
for(i=0;i<n;i++)

{

scanf("%d”,&ali]);

}
scanf(“%d", &k);
deque<int> a(k);
for(i=0;i<k;i++)

{
while(lQ.empty()&

&a[i]>=a[Q.back()])
Q.pop_back();

Q.push_back(i);

}

for(;i<n;i++)

{
printf(“%d «a[Q.front()]);

while((!Q.empty())&&(Q.front()<=i-k))
Q.pop__front();
while(!Q.empty()&&a[i]>=a[Q.back()])
Q.pop_back();
Q.push_back(i);

} .
printf(“%d\n",a[Q.front()]);

return 0;

3 . ‘
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Some more Data Structures

Data Structures like Trie, Graphs are not directly available in STL but can be implemented easily using
other data structures.

Trie Data Structure :

L. Trie is an information retrieval data structure.

2. It is also called radix/prefix tree.

3. Itis used for efficient searching of keys in the container. If the keys are strings, the a particular
string can be search in O(n) length where n denotes the length of the string to be searched.

4. Each node of the trie has multiple branches, a node where a word ends in marked with is
Terminal = true.

O Terminal Roots

#include<iostream>
#include<unordered_map>
using namespace std;
#define hashmap unordered_map<char,node*>
class node{
public:
char data;
hashmap h;
bool isTerminal;
node(char d){
data=d;
isTerminal = false;

L

class Trie{

L
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node*root;
public:
Trie(){
root = new node('\0');
}

void addWord(char *word)({
node*temp = root;
for(int i=0;word[i]!="\0";i++){
char ch = wordli];
if(temp->h.count(ch)==0){
node* child = new node(ch);

temp->h[ch] = child;

temp = child;
}
else{
temp = temp->h[ch];
}
}

temp->isTerminal = true;
}
bool search(char *word){
node*temp = root;
for(int i=0;word[i]!="\0"i++){
char ch = word(i];
if(temp->h.count(ch)){
temp = temp->h[ch];
}
elsef
return false;

“u

cout<<temp->data<<”™ 7

}

return temp->isTerminal;
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h

int main(){

char word[10][100] = {“apple”,”ape”,"coder”"coding blocks”,”no"};
Trie t;

for(int i=0;i<5;i++){

t.addWord(word[i]);
}

char searchWord[100];
cin.getline(sea rchWord,100);
if(t.search(searchWord)){

cout<<searchWord<<“ found “<<endl;

}

else{

cout<<“not found I”<<endl;

return O;

}

Graph Data Structure

An adjacency list implementation
traversal on weighted graph.

5 List <pair<int,int>
o o (1,5)(2,1)(3,0)

of graph can be easily represented using a vector. Example of DFS

0 —
1 - (0,5)(2,4)
v 4 A 2 > (0,1)(1,4)
e a 3 = (0,2)
Adj List

#include <iostream>

#include <vector>
#include <algorithm>
using namespace std;
vector < pair < int,int > > graph[100005]; //graph ( using array of vectors >
int visited[100005]; //visited array
void dfs(int cur)
{ //dfs method
if(visited[cur])
return;
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cout<<cur<<” “; //printing current node
visited[cur] = 1; //setting current node as visited
for(int i=0;i<graph([cur].size();++i)
{
dfs(graph[cur][i].first);
}
}
int main()
{
int n,m;
int a,b,w;
cin>>n>>m;
for(int i=0;i<m;++i)
{
cin>>a>>b>>w; //edge between a and b with weight w
graph[a].push_back(make_pair(b,w));
graph[b].push_back(make_pair(a,w));
}
cin>>a;
dfs(a);

return O;

}
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2 Mathematics

S —

Birthaay Parado:

varmup Probliem

What is the minimum number of people that should be present in a room so that there’s 50% chanct
of two people having same birthday ?

In a room of just __ people there’s a 50-50 chance of two people having the same birthday. In a roon
of __ there’s a 99.9% chance of two people matching.

HINT :

If there are two people in a room, Probability that two will have same birthday
=1/365=0.00274=0.274%

Probability that two will have different birthdays = 1 — (probability that two have same
birthday) = 1 - 0.00274 = 0.9973 = 99.73%. Now take your time and think about the approach.

SOLUTION:

23 for 50% probability
70 for 99.9% probability

Code:
#include<iostream>
using namespace std;

int main(){
float p = 1;
//p denotes prob of 2 ppl having different birthday
// same bday =1 - p
float num = 365;
float denom = 365;
int people = 0;
while(p>0.5){
p *= (num/denom);
num—;

people++;
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COUt(<“Pr‘0bability is “<<p<<" and people are H((paopl(:((endl;

}

return 0;

Types of Problems in Mathematics

(J Adhoc/Formula Based/Brute Force
(1 Big Integers

(1 Exponentiation

Number Systems/Series

C C

Pigeonhole Principle

Inclusion-Exclusion Principle

O

Probability & Expectation

(i

Combinatorics

ADHOC/ BRUTE FORCE/ COMPLETE SEARCH

These are relatively simpler problems based upon some formula or complete search.

Let us see one example.

German Lotto :
you have to select 6 numbers from the set {1,2,...,49}). A popular strategy to play
f winning — is to select a subset S containing

In the German Lotto
Lotto - although it doesn’t increase your chance 0O
k (k > 6) of these 49 numbers, and then play several games with choosing numbers only from 5.

Input :
For example, fork=8and § =f1,;2;3;5;8;13; 21,34 there are 28 possible games: [1,2,3,5,8,13],

Output:

Your job is to write a program that reads in the number k and the set S and then prints all possible
games choosing numbers only from S.

[11203:51812111 [1021315;8;34], [1,2,3,5,13,21], vesy [3,5,8,13,21,34]_

Solution :

Brute Force, Sort the array and use 6 Loops to pick all possible combinations 6 numbers.
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Code :
#include <iostream>
using namespace std;
int main() {
//Numbers from 1 to 49
//Choose a subset of 6 Numbers
int a[] = {1,2,4,5,6,7,8,10,12}; //assuming the array after sorting it
int n = sizeof(a)/sizeof(int);
for(int i=0;i<n-5;i++){
for(int j=i+1;j<n-4;j++){
for(int k=j+1;k<n-3;k++){
for(int l=k+1;1<n-2;1++){
for(int m = 1+1;m<n-1;m++){
for(int o= m+l;0<n;o++){
cout<<ali]«<<”,”<<a[j]<<",”<<alk]<<",”<<a[1]<<", ”<<a[m] <<, ”<<a[ 0] <<end];

}

}

return 0;

Big Integers

Problems involving big integers are quite common in online competitions. In Java, Python it is easy
to work with big integers but in C++ it’s difficult because the long long int datatype can store only at
max 18 digits.

So, for problems involving Big Numbers(containing 100’s of digits) we either use Java Big Integer
Class or Python or we use Arrays in C++ ! Let us see one example.

Note : There is a BOOST C++ Library which allows us to work with big integers as well.

Computing Large Factorials in C++

ing
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Code :
#include<iostreams

using namespace std;
void multiply(int *a,int &n,int no){
int carry = 9;
for(int 1=0;i<n;i+4+){
int product = a[i]*no + carry;
al[i] = product%16;
carry = product/10;

}

while(carry){
a[n] = carry%l0;
carry = carry/10;
n++;

}

}

void big_factorial(int number){
//Assuming max 1000 digits
int *a = new int[1000]{0};

a[e] = 1;
1; //n denotes the array index

int n =

for(int i=2;i<=number;i++){
multiply(a,n,i);

}

for(int i=n-1;i>=0;i-){
cout<<ali];

}

cout<<endl;
}
int main(){
big_factorial(100);
return 0;

}

By e t
v
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In Java, the Big Integer class is very powerful and supports lots of operations on big numbers
(having 100's of digits) like :

1. Modular Arithmetic 2. Base Conversion

3. GCD Calculation 4, Power Calculation

5. Prime Generation 6. Bit-masking, Bitwise Operations
7. Other Miscellaneous Tasks

It is important to learn about this class, to make our work easy in Programming Contests

Examples :
Code :

import java.math.BigInteger;
import java.util.Scanner;

public class Main{
static void playWithInt(){
String s;

Scanner sc = new Scanner(System.in);

String sl = sc.next();
String s2 = sc.next();

//The second parameter denotes the base
BigInteger one

new BigInteger(si,2);

BigInteger two new BiglInteger(s2,2);
System.out.println(one);
System.out.println(two);

//Number of Set Bits
System.out.println(one.bitCount());
//Number of total bits

System.out.println(one.bitLength());
//To add we use add()
one = one.add(two);
//To multiply
one = one.multiply(two);

System.out.println(one);

ing
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//Computing Factorial

//Computing GCD

BigInteger bl = new BigInteger(“15”);
BigInteger b2 = ncw BigInteger(“6”);
System.out.println(bl.gcd(b2));
System.out.println(bl.add(b2));
System.out.println(bl.multiply(b2));

- Generates the
ger(“25”);
robablePrime());

next available prime

//Next probable prime
BigInteger b3 = new BigInte
System.out.println(b3.nextP

//Power Function

BigInteger b4 = ncv BigInteger(“B”);

out.println(b4.pow(5));
- Int/Long Int to
BigInteger.valueOf

System.
gig Integer

//value of
(100);

BigInteger b5 =
println(bS);

System.out.
interprets 1901 in base

//Base Conversion,
new BigInteger(“lOOl”,Z);

BigInteger b6 =
System.out.println(bs);

}
public
playwithInt();

static void main(string [] args){

“Factorial of Big Number in Java

Code :
import java.math.BigInteger;
import java.util.Scanner;
public class Main {
static BigInteger fact(int N){
BigInteger b = new BigInteger(“1”);
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for(int 1=2;i<=N;i++){
b = b.multiply(BigInteger.valueOf(i));
}
return b;
}
public static void main(String args[]) {
int N = 100;
System.out.pr‘intln(fact(N));

Ui
Python Code for Factorial

def fact(n):
ans = 1
for i in range(1,n+1):
ans = ans*i
return ans

print fact(1e0)

N

::— Time to Try
Problem - Klaudia and Natalia have 10 apples together, but Klaudia has two apples more than Natalia.
How many apples does each of he girls have?
Julka said without thinking: Klaudia has 6 apples and Natalia 4 apples. The teacher tried to check if
Julka’s answer wasn’t accidental and repeated the riddle every time increasing the numbers.
Every time Julka answered correctly. The surprised teacher wanted to continue questioning Julka,
but with big numbers she could’t solve the riddle fast enough herself. Help the teacher and write a

program which will give her the right answers.

Problem Statement : http://www.spoj.com/problems/JULKA/
Solution : http://cb.lk/code/JULKA

O T N
" Nu er Series and

0 Most of the sequences are based upon some formula or some recurrence.

m

O The sequence may contain - AP, GP, HP, Polynomial Sequence, Linear Recurrence etc.

1 Other commonly used sequences are - Fibonacci Sequence, Binomial Series, Catalan Numbers etc.

CODING
BLOLKS



Mathematics for Competitive Coding

OEIS - Online Sequence Finder 111
5 formula.

at sequences at OElS

You can
always refer https://oeis.org/ to find out any sequence and it

and then se
rch it for following

So
You only need to generate output for small inputs arch for th

Th i :
(The Online Encyclopedia of Integer Sequences) | Try to s€d

sequences.

Try Searching these on OEIS
Example1:1, 2, 6, 24
Example2:1, 2,6, 10
Example3:1,2,5, 14, 42,132,429

Binomial Coefficients
er of ways of selecting k items from n items.

Binomial Coefficient "C, denotes the numb

C(n,k) =nl / (n-r)t r!
refer to use dynamic

Computing C(n,k) becomes difficult when n
pute s

and k are large. we might p
programming or Pascal’s Triangle to Com ome are all values of C(n, k)
C(n, k) = C(n-1,k) + c(n-1,k-1)

a we can also build the Pascal’s Triangle in a bottom up way

Using this formul
1
11
121
1331
14641
15101051

And so on,'Binomial Coefficients are frequently used in problems involving Combinatorics.

Catalan Numbers (Very Important Series)

Let’s us start with one example.
How many ways are there to construct a Binary Search Tree with ‘n’ nodes numbered from 1 to N ?

Hint :

. . h
Make eve.ry possible it" node as the root node and recursively count for number of BST's it its left
half and right-half. Do it for every value of i (1<=i<=n) and sum it up

The formula generating after adding the series is the nth Catalan Number !!

wN
‘=0
2
7.1l

.00
-z
-~

=



Mathematics for Competitive Coding

Itis defined using binomial coefficient notation "C, as :
Cat(n) = nC /(n+1)
Cat(0) = 1

Using the above formula , the first few terms of series are :
1,1,2,5,14, 42, 132,429,1430

Another Recursive Formula is :

Cy=1land c,, =Z|n:0c|cn-, fornz0;

Applications of Catalan Numbers :
U Number of Possible Binary Search Trees with n keys.

U Number of €Xpressions containing n pairs of parentheses which are correctly matched. For n = 3,

Possible expressions are ((())), 00, 000, (00, (00)

U Number of Ways n + 1 factors can be completely parenthesized, for e.g. N =3 and 3 + 1 factors :

{a, b, ¢, d}, we have: (ab)(cd), a(b(cd)), ((ab)e)d, (a(bc))(d) and a((bc)d).

L Number of ways a convex polygon of n+2 sides can split into triangles by connecting vertices.

POLCISD
S < &
PAY

O Number of different Unlabelled Binary Trees can be there with n nodes

The number of paths with 2n steps on a rectangular grid from bottom left, i.e., (n - 1, 0) to top right
(0, n-1) that do not cross above the main diagonal.

=

S
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|
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rrence. It is possi

you the n-th term of a linear recu
very large:

N arises when n is
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dynamic programming if I, problen
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m is a linear combination of

e such that each ter

urrence :
of the previous terms.
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Linear RecC
nction ora sequenc

A linear recurr
function

s terms. Each term ca
ns that the previous

previou
A famous example is the Fibonacci sequence: f(i) = fli-1)+ f(i — 2)- Linear mea
terms in the definition aré only multiplied by @ constant (possibly zero) and nothing else. So, this
sequence: f(i) = fi — 1) * f(i— 2) is not a linear recurrence.
problem :
Given f, a function defined as a linear recurrence relation. Compute f(N). N may be very large.
How to Solve ?
Break the problem in four steps. Fibonacci sequence will be used as an example
K, the number of terms on which f(i) depends
i — M), foral

Stepl: Determine
at f(i) doesn’t depend on f(

More precisely, K is the minimum integer such th

M > K.
For Fi ;
or Fibonacci sequence, because the relation is: f(i) = fli—1) + f(i — 2) therefore, K =2

terms though, for example, this sequence:

In this way, be careful for missing
f(i) = 2f(i-2) + fli - 4) has K = 4

because i i -
use it can be rewritten explicitly as: f(i) = Of(i — 1) + 2f(i 2) + Of(i - 3) 2
- i —3) + 1f(i — 4).
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Step 2:

Note:

Step 3 :

Determine the F1 vector the initial values

If each term of a recurrence relation depends on K previous terms, then it must have the first

K terms defined, otherwise the whole sequence is undefined. For Fibonacci sequence
(K = 2), the well-known initial values are:

f(1)=1
f(2)=1
We are indexing Fibonacci from 1, f(0) = 0.
f(1)
f(2
- -|f)
f(k)
We define a column vector Fi as a K x 1 matrix whose first row is f(i), second row is f(i + 1),

and so on, until K-th row is f(i + K — 1). The initial values of f are given in column vector F1
that has values f(1) through f(K):

Determine T, the transformation matrix. Construct a K x K matrix T, called transformation
matrix, such that

TF=F+1
Suppose,

f(i)=cyf(i-1)+c,i(i—2)+csf(i-3)+.... + ¢ f(i—k)
f(i)=>"¢f(i-J)
Puttingi=k+1

f(k+1)=c,f(k)+c,f(k=1)+csf(k=2)+.... + ¢ f(1)

Hence, the transformation matrix is:

‘o0 1 0 0 - O]
0 0 1 o --- 0
T=l0 0 0 1 - 0
1[Gk Ck-1 k-2 Ck-3 Gl

Example For Fibonacci :
¢,=1C=1

L
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Step A4: Determine F(n)

':) : ”l
'Y.l = ”A) r)'.l
r," ,'lll 1'1
and then we

solved: compute FH a% ahove,

Therefore, the original problem is now (almost)
of our Fihonacci sequence, the M-th

can obtain f(N): it Is exactly the first row of FN. In case
term in Fibonacci sequence is the first row of:

N-1 1

o 4
1.

.1 1

Use Fast Exponentiation!
To compute TAN-1 use exponentiation by squaring method that works in O(log N) time, with
this recurrence:
-AP= A ifp=1,
AP = A* AP if pis odd
- AP = X2, where X = A"?2, otherwise.

Multiplying two matrices takes O(K’) time using standard method, so the overall time

complexity to solve a linear recurrence is O(K* log N).

RECURSIVE SEQUENCE (5P0J)
http://www.spoj.com/pmhlcms/SlfQ/

sequence (a,) of natural numbers is defined as follows:
a = b, (fori<= k)
8 =Ca_,+63_,

where b, and c, are given natural numbers for 1 <= j <= k. Your task is to compute a_ for given n and

+...+ca,_, (fori> k)

output it modulo 10°.

Solution:

Code :

#include <iostream>
#include <vector>
using namespace std;
#define 11 long long
#define MOD 1000000090
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11 k;
vector<ll> a,b,c;
//Multiply two matrices
vector<vector<ll> > multiply(vector<vector<ll> > A,vector<vector<ll> > B ){

//third matrix mei result store

vector<vector<ll> > C(k+1l,vector<ll>(k+1));

for(int i=1j;i<=k;i++){

for(int j=1;j<=k;j++){
for(int x=1;x<=k;x++){

C[i][3]1 = (C[i1[3] + (A[i]1[x]*B[x][3j])%MOD)%MOD;

}

return C;

}

vector<vector<ll> > pow(vector<vector<ll> > A,11 p){
//Base case
if(p==1){
return Aj

}
//Rec Case

if(p&1){
return multiply(A, pow(A,p-1));

}
else{
vector<vector<ll> > X = pow(A,p/2);

return multiply(X,X);

}
11 compute(1l n){

//Base case
if(n==0){

return 9;

(-
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//Suppose n<=k
it (n<=k){

return b[n-l];
}

//0therwise we use matrix exponentiation, indexing 1 s€
vector<ll> F1(k+1);
for(int i=1;ic=k;i++){
F1[i] = b[i-1];
}
//2. Transformation matrix
vector<vector<ll> > T(k+1,vector<11>(k+1));
// Let init T
for(int i=1;i<=k;i++){

for(int j=1;j<=k;3++){

if(ick){
if(j==1+1){
T[i][3] = 15
¥
else{
T[i][3] = @5
)
continue;

}

//Last Row - store the Coefficients in reverse order

T[i][j] = clk-J1;

}

// 3. T"n-1

T = pow(T,n-1);

// 4. multiply by F1
11 res = 0;

for(int i=1;i<=k;i++){

res = (res + (T[1][i]*F1[1i])%MOD)%MOD;

———

ol
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return res;
}
int main() {
11 t,n,num;
ciny>t;
while(t—){
cin>>k;
//Init Vector F1
for(int i=05ic<k;i++){
cin>>num;

b.push_back(num);
}

//Coefficients
Tor(int i=6;i<k;i++){
cin>>num;

C.push_back(num);

}
// the value of n

cin>>n;

cout<< compute(n)<<endl;

b.clear();
c.clear();
}
return 0;
}
Variation :

The recurrence: relation may include a constant i.e., the function is of the form
k
f(i)— > cif(i-i)+d
=1

In this variant, the F vector is enhanced to remember the value of d.
It is of size (K+ 1) x 1 now :
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f(i)
f(i+1)

f(i H.<—1)
d J

We now need to construct the T matrix, of size (K x 1)(K x 1) such that
TF ;
| 1

[

[7]

Hence, the transformation matrix is :

0 0
0 0
0
T= )
€k Ck-1 Ck—2 Ck-3 ** C
0 0 0 0 - 0 1

W _

). TIMETOTRY
1. Generate the Transformation matrix for the given sequence.
f(i)=2f(i-1)+3f(i-2)+5
2. Generate the Transformation matrix for the given sequences and write code to compute nth term
f(i)=f(i-1)+2% +3i+5
f(i)=f(i—-1)+2i° +5

3. Fibonacci Number (HackerBlocks) :
Write an efficient code to compute nth Fibonacci Number where N<=10718.

4. Recursive Sequence - Version-ll (Spoj) :

Read the problem statement at Spoj.
http://www.spoj.com/problems/SPP/
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5. Fast Ladders (HackerBlocks) :

Given a ladder of containing N steps, a person standing at the foot of the ladder can take at max a
Jump of K steps at every point. Find out the number of ways to reach the top of that Ladder.

6. Fast Tiling Problem (HackerBlocks) :

Given n, and grid of size 4 x n, you have to find out the number of ways of filling the grid using
1 x 4 tiles.

Pigeonhole Principle

LN

e, &

(X

The pigeonhole principle is a fairly simple idea to grasp. Say that you have 7 pigeons and 6 pigeonholes.
So, now you decide to start putting the pigeons one by one into each pigeonhole.

Ipl el Tel Il Ipl Ipl Ip
So, now, you have one pigeon left, and you can put it into any of the pigeonholes.

lppl Ipl Iel Ipl Ipl Il Ip
The point is that when the number of pigeons > number of pigeonholes, there will be at least one

pigeonhole with at least two pigeons.

Hair counting problem :

If the amount of hair is expressed in terms of the number of hair strands, the average human head has
about 150,000 hair strands. It is safe to assume, then, that no human head has more than 1,000,000
strands of hair. Since the population of Delhi is more than 1,000,000 at least two people in Delhi have

the same amount of hair.

EXAMPLES :

1. Divisible Subset(Codechef) :
To find a non-empty subset of the given multiset with the sum of elements divisible by the size of

original multiset.
https://www.codechef.com/problems/DIVSUBS

ING {; o as | |
(S S R
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How to use Pigeonhole Principle ?
a%N=x
b %N =x

Then, (b-a)%N=(b%N-a%N)=(x-x)=0
Let’s denote a, +a, + ... + a, by b,. So, we obtain:
b,=0
b,=a,

b:,=a1+a2

So, a +a te. +ag=bp-b 4
s with equal residues modulo N among by, by, w-es b, then we take
ed subsegment is found.

ccording to the pigeonhole principle

Therefore, if there are two value
the first one for L-1 and the second one for R and the requir

There are N + 1 values of bi and N possible residues for N. 50, @
the required subsegment will always exist.
2. The Gray Similar Code(Codechef) :
tly ‘1’ bit. We have to

Given ‘N’ 64 bit integers such that any two successive numbers differ at exac

find out 4 integers such that their XOR is equal to 0.
/www.codechef.com/problems/GRAYSC

XOR of any two successive numbers, we will get a number with only 1 set bit and

https:/
Hint: If we take

all others will be 0.

How to use Pigeonhole Principle ?

For N = 130, we have ‘65’ pairs i.e. {X,, Xz}, {X;, X}
‘1’ by pigeonhole principle at least two bits will be set at same

ke x or of pair of these four numbers, we will get 0.

{Xe, X}t ... {X 29 X130}' But there exists only 64

possible position for the set bit

positions say {X, X;+ 1} and {XJ, Xj +1} Ifweta
130, we will always find 4 integers such that their XOR is

Thus, by pigeonhole principle for all n >=
[k] and do a binary search to find 4th

0. For n < 130, we can iterate for 3 values of A[i], A[j], A
number which is (A[i] » A[j] * A[k])

Holiday Accommodation (Spoj) - Graph + Pigeonhole :

Given a weighted tree, consider there are N people in N nodes. You have to rearrange these N
people such that everyone is in a new node, and no node contains more than one person under
the constraint that the distance travelled for each person must be maximized. There are N cities

having N-1 highways connecting them.
http://www.spoj.com/problems/HOLI/
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HINT: In order to maximize cost:

- All edges will be used to travel around.

2 We need to maximize the use of every edge used. Once we know how many time each edge is
used, we can calculate the answer.

How to apply Pigeonhole principle ?

Now for any edge E, we can partition the whole tree into two subtrees, if one side has n nodes,
the other side will have N - n nodes. Also, note that, min(n, N-n) people will be crossing the edge
from each side. Because if more people cross the edge, then by pigeon-hole principle in one side,
we will get more people than available node which is not allowed in the problem statement.
So, E, will be used a total of 2 * min(n, N-n) times.

cost =Y 2*min(n;, N—n;)* weight (E;)

for every edge E,

Code :
#include<bits/stdc++.h>

using namespace std;

class Graph{

int v;
list<pair<int,int> > *1;
public:
Graph(int v){
V = V;
1 = new listc<pair<int,int> >[VI];

}

void addedge(int u,int v,int cost,bool bidir=true){
1[u].push_back(make_pair(v,cost));
if(bidir){
l[v].push_back(make_pair(u,cost));

}

} . . . .

int dfsHelper(int node,bool *visited,int *count,int &ans){
visited[node] = true;
count[node] = 1;

for(auto neighbour:l[node]){
int v = neighbour.first;
if(lvisited[v]){

|

g

=0
Helo

Rz
Y
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count[node] += dszelper(v,visited,count,ans);
ans 4= 2*min(count[v],V-count[v])*neighbour.second.

}
}
return  count[node];
}
int dfsMain(){
bool *visited = new bool [V]{0};
int *count = new int[V]{@};
int ans = @ ;
dfsHelper(®,visited, count,ans);
return ans;
}

}s

int main(){
Graph g(4);
g.addEdge(0,1,3);
g.addEdge(1,2,2);
g.addEdge(3,2,2);
cout<<g.dfsMain();

() TRY IT YOURSELF !

1. Divisible Subarrays(HackerBlocks)
Find the number subarrays of the given multiset with the sum of elements divisible by the size of

original multiset in linear time.

The Inclusion-Exclusion Principle

Every group of objects(or set) A can be associated with a quantity - denoted |A| - called the number

of elements in A or cardinality of A.

IfX=AuBand AnB=@, then |X| = |A] + |B]|.

If A and B are not disjoint, we get the simplest form of the Inclusion-Exclusion Principle:
[AUB|=|A|+|B|-|ANB]|.
lAuBuCl=]A|+|Bl+|C|-|AmB|—|BmCl-—lAmC|+|AmBnC|

In the more general case where there are n different sets Ai, the

< CODING
- sroces
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EXAMPLES :

1. Prime Looking Numbers - HackerBlocks :
How many number are there < 1000 such that they are Prime Looking
i.e. composite but not divisible by 2,3 or 5 (Ex- 49, 77, 91). Given that there are 168 primes upto
1000.

For any positive number N and m, the number of integers divisible by m which are less than N is
floor((N-1)/m).

Solution :

divisible by 2 = floor(999/2) = 449 ; divisible by 3 = floor(999/3) = 333

divisible by 5 = floor(999/5) = 199 ; divisible by 2.3 = floor(999/6) = 166

divisible by 2.5 = floor(999/10) = 99

divisible by 3.5 = floor(999/15) = 66

divisible by 2.3.5 = floor(999/30) = 33

[2u3us|=]2]+13]+]|5] - |2n3]-12n5|=[3n5]+|2n3N5]
=499 +333+199-166—-99—-66+33=733

So, there exists 733 integers upto 1000 which have at-least 2,3 or 5 as divisor. This includes {2, 3, 5}.

Total number not having 2, 3 or 5 as divisor = 999 — 733 =266.

Note that this set does not include 2, 3 or 5.

Since there are 168 prime numbers upto 1000, but we have already excluded 2, 3 and 5, number of
prime looking numbers upto 1000 = 266 — 165 — 1(Since 1 is neither prime nor composite) =100

The above generalised can be implemented using the following method :

Inclusion-Exclusion Using Bitmasks :
#include<iostream>
using namespace std;
int countBits(int n){
int ans =0 ;
while (n){
n = n&(n-1);
ans++;
}
return ans,
}
int main(){

//Given a array of numbers of size k
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e ———————————————————————— —

//We are finding the number of numbers which are divisible by 2,3 and s
int af) = {2,3,5);

int k = 3;
int n = 999;
int ans = 9;

for(int I=1;1¢8;1i++){
int mask = i;
Int bits = countBits(mask);
int temp = 1;
int pos = 0;
while(mask>0){
int lastBit = (mask&1);
if(lastBit){
temp = temp*a[pos];
3
mask = mask>>1;
pos++;
}
cout<<endl;
if(bits&1){
ans += n/temp;
}
else{

ans -= n/temp;

}
cout<<ans<<endl;

return 9;

}

1. Sereja & LCM - Codechef (Hard, Long Contest 9th Question) :

We have to find the possible number of arrays: A[1], A[2], A[3],...,A[N] such that A[i] >=1 d
Ali] <= M and LCM(A[1], A[2], ..., A[N]) is divisible by D. We have to find the sum of the ans' s
withD =L, L+1, ...,R modulo 10° + 7.

A/Q we have to find the number of array whose LCM is a multiple of a given number(say X'
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Using negation calculate the number of arrays whose LCM is not a multiple of (say y').
Hence, ans = (possible array with m numbers) - y.

Note: The maximum value of the array elements can be 1000, the maximum number of distinct
prime factors possibleis 1 (2*3*5*7* 11> 1000).

Let the prime factors of x be p,q,r,s
X = (pha) * (a*b) * (ric) * (sAd)
pha: P
q*b: Q
rrc: R

shd: S
To calculate y :

None of element of array have any prime factor that x has OR it may have some of it missing.
So, calculate the number of arrays such that either
multiple are not present) OR (R or its multiple

y = |not(P) U not(Q) U not(R) U not(S)|

(P or its multiple are not present) OR (Q
are not present) OR (S or its multiple

or i1ts

dare not present),

Applying Principle of Inclusion-Exclusion Principle :

A = power(m - m/P,n) + power(m - m/Q,n) + power(m - m/R,n) + power(m - m/S,n);
B = power(m - m/P - m/Q + m/(P*Q), n) + power(m - m/Q - m/R + m/(Q*R), n) . ..
C = power(m- m/P -m/Q - m/R + m/(P*Q) + m/(Q*R) + m/(P*R) - m/(P*Q*R),n) . . .

D = powmod(m - m/P - m/Q - m/R - m/S+m/(P*Q) + m/(Q*R) + m/(P*

R) + m/(R*S) + m/(P*S) + m/(Q*S)
- m/(P*Q*R)- m/(Q *R*S) - m/(P*Q*S) - m/(P*R*S) + m/(P*Q*

R*S),n);
Final Answer will be:

y=A-B+C-D

ans=mA*n-y

=mAn-A+B-C+D

Mathematical Expectation and Bernoulli Trial

Mathematically, for a discrete variable X with probability function P(X), the expected value E(X) is
given by 3 xiP(x ) the summation runs over all the distinct values xi that the variable can take.

For example, for a dice-throw experiment, the set of discrete outcomes is {1,2,3,4,5,6} and each of

this outcome has the same probability 1/6. Hence, the expected value of this experiment will be
1/6*(1+2+3+4+5+6) = 21/6 = 3.5.
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]

For a continuous variable X with probability density function P(x) , the expected value B(£) 05 givay

by IxP(x)dx .

i ion i andom variable
~ Mathematical expectation is some sort of average value of your rand
rather, it need not even be one of the

r

» Expected value is not same as “most probable value” '
, ViZ 5.0 15 Not gna
probable values. For example, in a dice-throw experiment,

of the possible outcomes at all.

the r-xpr_-ctml value,

ability.

5] = aE[x,] + bf 7,1

~ Rather the most probable value is the value with max prob

» The rule of “linearity of the expectation” says that Efax, + bx

Bernoulli Trial
- or binomial trial) s 2 perimens

In the theory of probability and statistics, a Bernoulli trial ( |
‘ o y i 18 Sur 5 i¢
with exactly two possible outcomes, “success” and “failure”, in which the pre Jccess f

the same every time the experiment is conducted.

1. What is the expected number of coin flips for getting a head?
n flips be x. Then we can write an equation for it :

Let the expected number of coi
re done. The probability of this event is 1/2 and the

(a) If the first flip is the head, then we a

number of coin flips for this event is 1.
(b) If the first flip is the tails, then we have wasted one flip. Since consecutive flips are independer:

events, the solution in this case can be recursively framed in terms of x - The probability of thi
event is 1/2 and the expected number of coins flips now onwards is x. But we have already

wasted one flip, so the total number of flips is x + 1.
The expected value x is the sum of the expected values of these two cases. Using the rule of
linearity of the expectation and the definition of Expected value, we get

x = (1/2)(1) + (1/2) (1+x)
Solving, we get x = 2.
Thus the expected number of coin flips for getting a head is 2.

2. What is the expected number of coin flips for getting two consecutive heads?
Let the expected number of coin flips be x. The case analysis goes as follows:
(a) If the first flip is a tails, then we have wasted one flip. The probability of this event is 1/2 and
the total number of flips required is x + 1.
(b) If the first flip is a heads and second flip is a tails, then we have wasted two flips. The probability
of this event is 1/4 and the total number of flips required is x + 2.

(c) If the first flip is a heads and second flip is also heads, then we are done. The probability of th’
event is 1/4 and the total number of flips required is 2.
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Adding, the equation that we getis x = (1/2)(x + 1) + (1/8)(x + 2) + (1/4)2
Solving, we get x = 6.

Thus, the expected number of coin flips for getting two consecutive heads is 6.

What is the expected number of coin flips for getting N consecutive heads, given N?
Let the exepected number of coin flips be x. Based on previous exercises, we can wind up the
whole case analysis in two basic parts

(a) If we get 1st, 2nd, 3rd,...,n"th tail as the first tail in the experiment, then we have to start all
over again,

(b) Else we are done.

For the 1st flip as tail, the part of the equation is (1/2)(x+1)
For the 2nd flip as tail, the part of the equation is (1/4)(x+2)

For the k'th flip as tail, the part of the equation is (1/(2%))(x+k)

For the N’th flip as tail, the part of the equation is (1/(2M))(x+N)
The part of equation corresponding to case (b) is (1/(2M))(N)

Adding, x = (1/2)(x+1) + (1/8)(x+2) + ... + (1/(27K))(x+K) + .. + (1/(27N))(x+N) + (1/(2AN))(N)
Solving this equation is left as an exercise to the reader. The entire equation can be very easily
reduced to the following form: x = 2N*1-2

Thus, the expected number of coin flips for getting N consecutive heads is (2V*! - 2)

Candidates are appearing for interview one after other. Probability of each candidate getting

selected is 0.16. What is the expected number of candidates that you will need to interview to
make sure that you select somebody?

This is very similar to Q1, the only difference is that in this case the coin is biased. (The probability
of heads is 0.16 and we are asked to find number of coin flips for getting a heads).

Let x be the expected number of candidates to be interviewed for a selection. The probability of
first candidate getting selected is 0.16 and the total number of interviews done in this case is 1.

The other case is that the first candidate gets rejected and we start all over again. The probability
for that is (1 — 0.16)*(x + 1). The equation thus becomes : x = 0.16 + (1-0.16)* (x+1).

Solving, x = 1/0.16, i.e. x = 6.25

(Generalized version of Q4) - The queen of a honey bee nest produces off-springs one-after-other
till she produces a male offspring. The probability of producing a male offspring is p. What is the
expected number of off-springs required to be produced to produce a male offspring?
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Jeen replaced by p. Observe

Thisis same a [
o s.the previous question, except that the number 0.16 has t
e equation now becomes : x=p+(1-p)*(x+1)

4 desirable and

Solving, x = 1/p
ne event |

expected numner of

e are two events, where O

Thus, observe that in the problems where ther
other is undesirable, and the probability of desirable event is p, then the

trials done to get the desirable event is 1/p.
where one event is d© and

ts - If there are K events,
f desirable event is p, then also the

Generalizing on the number of even
“led

ble, and the probability ©

all others are undesira
tis 1/p.

number of trials done to get the desirable even

The next question uses this generalization.

get a “four”?

throws be x. The desirable event (getting ‘four’) has probability 15
S other undesirable events (K=5). Note that the value of

e answer is thus 1/(1/6) i.e. 6.

6. What is the expected number of dice throws required to

Let the expected number of
(as each face is equiprobable). There are

the final answer does not depend on K. Th
her. Probability of k-th candidate getting

after ot
o interview to

pearing for interview one
ber of candidates that you will need t

7. Candidates are ap
selected is 1/(k+1). What is the expected num

make sure that you select somebody?

The result will be the sum of infinite number of cases.
Case 1: First candidate gets selected. The probability of this event is 1/2 and the number of
interviews is 1.
case 2: Second candidate gets selected. The probability of this event is 1/6 (= 1/2 of first
of second candidate getting selected, multipliec

candidate not getting selected and 1/3
together gives 1/6) and the number of interviews is 2.

Third candidate gets selected. The probability of this event is 12 *2/3*14=11
lected and third getting selected)

Case 3:
(= first not getting selected and second not getting se
and the number of interviews is 3.
case k: K'th candidate gets selected. The probability of this eventis 1/2 * 2/3 3/a % ... " (kDK
h candidate is selected). This

1/(k+1). (The first k-1 candidates get rejected and the k't

evaluates to 1/(k*(k+1)) and the numuer of interviews is k.

[Note that similar to problem 4, here we can’t just say - if the first candidate is rejected, then we
will sfart th? whole process again. This is not correct, because the probabilty of each candidaté
::i;;e:'c: :: ;::tsz;::ut:nce pumber. Hence sub-experiments are not same as the parent experiment :‘
e cases must he explicitly considered.]
i Co0hs
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ing

The resultant expression will be :

This is a well-known divergent series, which means that sum doesnot conve

x=1/(1%2) + 2/(2*3) + 3/(3*4) + 4/(4*5) + ... + k/(k*(k+1)) + ..
=1/2+1/3+1/4+...

rge, and hence the

expectation doesnot exist.

8. Arandom permutation P of [1...n] needs to be sorted in ascending order. To do this, at every step
you will randomly choose a pair (i,j) where i < j but P[i] > P[j], and swap P[i] with P[j]. What is the
expected number of swaps needed to sort permutation in ascending order. (Idea: Topcoder)
This is a programming question, and the idea is simple - since each swap has same probability of
getting selected, the total number of expected swaps for a permutation P------- is

E[P] = (1/cnt) * T (E[P] + 1)
where cnt is the total number of swaps possible in permutation P, and P, is the permutation
generated by doing swap ‘s’. Since all swaps are equiprobable, we simply sum up the expected
values of the resultant permutations (of course add 1 to each to account for the swap done already)
and divide the result by the total number of permutations. The base case will be for the array that
has been already sorted - and the expected number of permutations for a sorted array is 0.

9. A fair coin flip experiment is carried out N times. What is the expected number of heads?
Consider an experiment of flipping a fair coin N times and let the outcomes be represented by
the array Z = - ,a.} where each a, is either 1 or 0 depending on whether the outcome was
heads or tails respectively. In other words, for each i we have ai = if the i'th experiment gave
head then 1 else 0.

Hence we have: Number of heads in z = a;+a,+..+a

Hence E[number of heads in z] = Elaj+a,+...+a ]=E[a,] +E[a] + .. +E[a]

Since ai corresponds to a coin-toss experiment, the value of E[ai] is 0.5 for each i. Adding this
n times, the expected number of heads in Z comes out to be n/2.

10. (Bernaulli Trials) n students are asked to choose a number from 1 to 100 inclusive. What is the
expected number of students that would choose a single digit number?

This question is based on the concept of bernaulli trials. An experiment is called a bernaulli trial if
it has exactly two outcomes, one of which is desired. For example - flipping a coin, selecting a
number from 1 to 100 to get a prime, rolling a dice to get 4 etc. The result of a bernaulli trial
can typically be represented as “yes/no” or “success/failure”. We have seen in Q5 above that if
the probability of success of a bernaulli trial is p then the expected number of trials to get a
success is 1/p. is
b i = = ;
S coping ‘ :
& BLocks |

!



M .
Mathematics for Competitive Coding

11.

12.

ated to bernaulli trials - It the W')lmhl“"/ of 3

er of succe

This . .
question is based on yet another result rel
I5 % n*p. The proot

success in a o
bernaulli trial is p then the expected numb gse5 in n 1ria

is simple :
The . . cni ia
number of successes in n trials = (if 1st trial is success then 1 else 0) + . y (if nth trial is success
then 1 else 0)
p. Thus the expected number of SUCCesses in

The expected value of each bracket is 1*p + 0*(1-p) =
es a single digit number

at choos
9 single digit

/100. (There are
students that would

n trials is n*p.
he experiment th

the probability of success is 9
the expected number of

es) is n *9/100.

In the current case, “success” is defined as t

Since all choices are equiprobable,
numbers in 1 to 100). Since there are n students,

ccess (i.e the expected number of success

contribute to su
eads?

mber of coin flips to ensure that there are atleast N h
anner :

else N more heads.

What is the expected nu
y be framed in @ recursive m

heads,
= (1/2)(E[N-1]+1)+ (1/2)(E[N

unt for the first flip.

The solution can easil
t flip is a head then N-1 moreé

hus E[N]
it to acco
2 (As discussed in Q2)

N heads = if 1s
]+ 1)

The probability of 1st head is 1/2. T
Note that each term has 1 added to

The base case is when N=1: E[1] =
simplifying the recursive case, E[N] = (1/2)( E[N-1] +1 + E[N

* E[N] = ( E[N-1] + E[N] +2) = E[N] = E[N-1] + 2
.., in general E[N] = 2N. Thus, th

]+1)= (1/2)( E[N-1] + E[N] + 2)

= 2
e expected number of coin flips

Since E[1] = 2, E[2] = 4, E[3] = 6,.
to ensure that there are atleast N heads in 2N.

ses a generalization :

The next problem discus
esses,

ensure that there are at least N succ

What is the expected number of bernaulli trials to

if the probability of each success is p?
The recursive equation in this case is E[N] = p(E[N —1] + 1)+ (1 - p)(E[N] + 1)
solving, E[N] — E[N-1] =p- Writing a total of N-1 equations:

E[N]-E[N-1] = 1/p
E[N-1]-E[N-2] = 1/p
E[N-2]-E[N-3] = 1/p

E[2]-E[1] = 1/p

Adding them all, E[N] - E[1] = (n —1)/p. But E[1] is 1/p (lemma -1). Hence E[N] = n/p.

: ' - ' et 5 S G NE
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Moral: If probability of success in a Bernoulli trial is p, then the expected number of trials to
guarantee N successes is N/p.

This completes the discussion on problems on Mathematical Expectation.
Reference . Codechef

a;»;.‘i_‘.é_*_ TRY IT YOURSELF !
A game involves you choosing one number (between 1 to 6 inclusive) and then throwing three fair
dice simultaneously. If none of the dice shows up the number that you have chosen, you lose ol

If exactly one, two or three dice show up the number that you have chosen, you win $1, $3 or $5
respectively. What is your expected gain?

There are 10 flowers in a garden, exactly one of which is poisonous. A dog starts eating all these
flowers one by one at random. whenever he eats the poisonous flower he will die. What is the
expected number of flowers he will eat before he will die?

A bag contains 64 balls of eight different colours, with eight of each colour. What is the expected
number of balls you would have to pick (without looking) to select three balls of the same colour?

In a game of fair dice throw, what is the expected number of throws to make sure that all
6 outcomes appear atleast once?

5. What is the expected number of bernaulli trials for getting N consecutive successes, given N,
if the probability of each success is p?

Coupon Collector Problem

Problem Statement: A certain brand of cereal always distributes a coupon in every cereal box.
The coupon chosen for each box is chosen randomly from a set of ‘n’ distinct coupons. A coupon
collector wishes to collect all ‘n’ distinct coupons. What is the expected number of cereal boxes must
the coupon collector buy so that the coupon collector collects all ‘n’ distinct coupons?

Solution:

Let random variable Xi be the number of boxes it takes for the coupon collector to collect the i-th new
coupon after the i-1th coupon has already been collected. (Note: this does NOT mean assign numbers
to coupons and then collect the i-th coupon. Instead, this means that after Xi boxes, the coupon
collector would have collected i distinct coupons, but with only Xi-1 boxes, the coupon

collector would have only collected i-1distinct coupons.)
Clearly E(X,)=1, because the coupon collector starts off with no coupons. Now consider the i-th coupon.

After the i-1-th coupon has been collected, then there are n-(i-1) possible coupons that could be the
new i-th coupon. Each trial of buying another cereal box, “success” is getting any of the n — (i — 1)
uncollected coupons, and “failure” is getting any of the already collected i-1 coupons. From this point
of view, we see that p = (n-(i-1) /n.




»
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This is a bernaulli trial with probability of success p and failure (1-p). 10 bernaulli trial, the expecteq
number of trials for i-th success is 1/p i.e. 1/{success of the i-th outcome).

E(X)=1/p=n/n=(i-1).

To compute the number of cereal boxes X, required by the coupon collector to collect all n distiney
coupons:
E(X) = E(X, + X, + Xy + X+ oo +X)

E(X) = E(X,) + E(X,) + ...... + E(X)
E(X)=n(1+12+1B3+1/4+...+1/n)

Favorite Dice (Spoj)
What is the expected number of throws of N sided dice so that each number is rolled at least once?

Statement - http://www.spoj.com/problems/FAVDICE

Code :
#include <iostream>
#include<iomanip>
using namespace std;
int main() {
int t;
int n;
cin>>t;
while(t-){
cin>>n;
double ans = 9;
for(int i=1;i<=n;i++){
ans += n/(i*1.0);
}
cout<<fixed<<setprecision(6)<<ans<<endl;
| }

return 0;
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“TIME TO TRY
Fibonacci Sum (Spoj)

Given two non-negative integers N and M, you have to calculate the sum (F(N) + F(N + 1) + .

.+ F(M))
mod 1000000007 where F(N) denotes the nth Fibonacci Number.

http://www.spoj.com/problems/FIBOSUM/ (Matrix Exponentiation)

Modulo Sum (Codeforces) :

You are given a sequence of numbers a,a, .0, and a number m.

Check if it is possible to choose a non-empty subsequence g, such that the sum of numbers in this
subsequence is divisible by m.

http://codeforces.com/contest/577/problem/B

Tavas and SaDDas (Codeforces) :

You are given a lucky number n. Lucky numbers are the positive integers whose decimal representations
contain only the lucky digits 4 and 7. For example, numbers 47, 744, 4 are lucky and 5, 17, 467 are not.

If we sort all lucky numbers in increasing order, what’s the 1-based index of n?

http://codeforces.com/problemset/problem/535/B (Maths, Counting)

Count the Binary Trees (HackerBlocks) :

Given n, you have to find the number of possible binary trees that can be made using N nodes.

Summing Sums (Spoj) :
Refer Spoj for the problem statement.

http://www.spoj.com/problems/SUMSUMS/ (Mathematics)

Marbles (Spoj) :
Refer Spoj for the problem statement.

thp;[memsmLc_QmLthlemsLMABBLESl (Maths)
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3 Number Theory

In this chapter we are going to talk about important mathematical concepts, theorems and tricks
Let’s get started.

Greatest Common Divisor(GCD) using Euclid’s Algorithm

The Greatest Common Divisor (GCD) of two integers (a, b) denoted by ged(a,b), is defined as the
largest positive integer d such that d | a and d | b where x | y implies that x divides y.

Example of GCD: gcd(4, 8) = 4, gcd(10, 5) = 5, ged(20,12) = 4.
Gced(A,B) = Ged(B,A%B) // recurrence for ged
Ged(A,0) = A // base case

Proof: Ifa=hg+r.
Let d be any common divisor of a and b which implies d|a and d|b = d|(a = bg) = d|r.

Let e be any common divisor of band r = e|b, e|r = e|(bg + r) = e|a. hence any common divisor
of a and b must also be a common divisor of r and any common divisor of b and r must also be 2
divisor of a = d is a common divisor of a and b iff d is a common divisor of b and r.

Similarly, the LCM of two integers (a, b) denoted by lcm(a,b), is defined as the smallest positive
integer | such thata [land b | I. Example of LCM : lcm(4,8) = 8, lcm(10,5) = 10, lcm(20,12) = 60.
ged(a,b) * Iem(a,b) = a*b

int ged(int a, int b) {

return (b == @ ? a : gecd(b, a % b));
}

int lem(int a, int b) {

return (a * (b / gcd(a, b)));

} // divide before multiply!

The GCD of more than 2 numbers, e.g. gcd(a,b,c) is equal to ged(a,ged(b,c)), etc, and similarly LcM

Both GCD and LCM algorithms run in Ol(log(N)), where n = max(a,b).
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Extended Euclid’s Algorithm

Extended Euclid’s is used to find out the solution of equations of the form Ax + By = C, where C is a
multiple of divisor of A and B. Extended Euclid’s works in the same manner as the euclid’s algorithm.
Ax + By = 1 (we will find solutions of this equation let them be x’ and y’ given that gcd(a,b) is 1 then
the solutions of equation Ax + By = k where k is a multiple of ged(A,B) are given by k*x” and k*y".

Ax+By=1 (1)

Bx' + (A%B)y' = 1 ..« .(2) // using euclid’s algo gcd(a,b) = ged(b,a%b)
Compare coefficients of (1) and (2)

x=y

y =X —[A/Bly’

Hence we can recursively calculate x and y in the following manner:
void eeuclid(ll a, 11 b){
it(b==0){
ex=1;ey=0;ed=a;

}
else{
eeuclid(b,a%b);
11 temp=ex;
ex=ey;
ey=temp-(a/b)*ey;
}
}
Application of Extended Euclidean Algorithm :
1. To calculate multiplicative modulo inverse of a w.r.t. m.
Let’s see :

x=a"}(modm)
a.a!=a.x(modm)
x.a=1(modm)
= ax—1=gm
= ax—-gqm=1
This equation has solutions only if a and m are co-prime that is ged(a,m) = 1.

We can calculate x and q using extended euclid’s algorithm where x is the inverse of a

modulo m.

BLOCKS

Caam wer ey T Sucims
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 Sieve of Eratosthenes |

It is easy to find it some number (say N) is prime or not — you simply need 16 check if a1 |
’ . LA ] C"'1<" e

number from numbers lower or equal sqrt(n) is divisor of N. This can be achieved by imp!
- JY simipie Cade

boolean isPrime( int n )

{
if (n==1))

return false; // by definition, 1 is not prime number
if ((n==2))

return true; // the only one even prime
for ( int i = 2; 1 * 1 <= n; ++1 )

if ( n%i == 0 )

return false;

return true;

}

So it takes sqrt(n) steps to check this. Of course you do not need to check 200 cven number

v
v

f e
' e

can be “optimized” a bit:
boolean isPrime( int n )
{
if (n==1)
return false; // by definition, 1 is not prime number
if (n==2)
return true; // the only one even prime
if ( n%2 == 0 )

return false; // check if is even

for ( int i = 3; i *i<=n; i4=2)1// for each odd number

if (n%i ==0)
return false;

return true;

o
So let say that it takes 0.5sqrt(n) steps*. That means it takes 50,000 steps to check that 10,000,000,

is a prime.

Time Complexiety :

T : mplext
If we have to check numbers upto N, we have to check each number individually. g0 time COMP

will be O(Nsqgrt(N)).

E-- 3 LO”C,J
i e



Ofcourse! we can use a

their multiple non prime i.e
Sieve code :

void primes(int *p)

{
for(int i = 2;1<=1000000;i++)
pli] = 1;
for(int i = 2;1<=1000000;i++)
{
if(p[i])
{
for(int j = 2*i;j<=1000000;j+=1)
{
pl3] = ©;
}
}
}
pl1] = ©;
ple] = ©;
return;
}

Can we still do better?

Yeah sur
from 2p we can start from p”2.

Optimised code :

void primes (bool *p)

for(int j = i*i;j <= 1000000; j += i)

{
for(int i = 3;1<=1000000;1 += 2)
{
if(p[i])
{
{
p[i] = ©;

sieve o e . q
of numbers upto N. For all prime numbers

Number Th eory

saqrt(M),

if i Ime . . gries
p is prime, 2p, 3p, ..., floor(n/p)*p will be non-prime.

we can make

el Here we don’t need to check for even numbers. Instead of starting the non-prime loop
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}
}
}
p[1] = 0;
p(@] = o;
return;
}

T = O(NloglogN)
Hence, we have significantly reduced our complexity from N*sqrt(N) to approx linear time.

Optimizations!
; ce we can mark onl
we know that all the numbers which are even are non prime except 2.Hen Y 0dd

i i : : ays.
numbers as non prime in our sieve and jump to odd numbers alway

Code :

#define 1lim 10000000
vector <bool> mark(lim+2,1);

vector <11> primes;
void sieve() // we need primes upto 1078

{
//11 times = 0;
for(11 i=3;i<=1im;i+=2)

{
//times++;
if(mark[i] == 1)
{ 0 - -
for(1l j=i*i ; j <= lim ;j += 2*i) //skip to odd numbers as i*i is odd
{
mark[j] = ©;
}
}
}
primes.pb(2);
for(1ll i=3;i<=1im;i+=2)
{
if(mark[i])
primes.pb(i);
}

E_ cog
<y BLO
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Factorization of a Number using this Sieve :

vector <11»> factorize(ll m)
{
vector <11> factors;
factors.clear();
11 1 = O;
11 p

primes[i];
while(p*p <= m)
|

if(m%p == 0)

{
factors.pb(p);
while(m%p == 0)

m = m/p;

i

i++;

p = primes[i];
}
if(ml=1)

factors.pb(m);
return factors;

Segmented Sieve

We use this sieve when array of size N does not fit in memory and we want to compute prime numbers
between a range / and r. Example : /= 108, r = 10°.

void sieve()

{
for(int i = 0;1<=1000000;i++)
opli] = 15
for(int i = 2;1<=1000000;i++)
{
if(p[il)
{
for(int j = 2%1i;j<=1000000; j+=1)
plil = ©;
CODING
BLOCKS
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rortint =23 1<=205 1+ ) coutecdec "eep[]ccend]

)
J

int segmented_sleve(long long a,long long b)

{

sieve();
bool pp[b-a+1];

memset(pp,1,sizeof(pp));
for(long long i = 2;i*ics=bji++)

for(long long j = a;j<=b;J++)

{
{
if(p[i])
{
if(j == 1)
continue;
if(j % 1 == 0)
pp[i-a] = 0;
}
¥
}

int res = 1;

for(long long i = aj;i<b;i++)
res += pp[i-a];

return res;

}

Division

”N LR Yy —

Let a and b be integers. We say a divides b, denoted by a|b, If there exists an integer ¢ such that b=t

MAPIEHCR,

A Diophantine equation is a polynomial equation, usually in two or more unknowns, such that onli
the integral solutions are required. An Integral solution is a solution such that all the unknown varlables
take only integer values. Given three integers a, b, ¢ representing a linear equation of the form ax !t
by = c. Determine if the equation has a solution such that x and y are both Integral values.
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General solution (Infinitely many solutions)
(x, y) = (xo + b/d *t, yo — a/d *t)
We can use Extended Euclidean Method above to find the

KO,y

Chinese Remainder Theorem
Typical problems of the form “Find a number which when divided by
when divided by 3 leaves remainder 2, when divided by 7 leaves remamnder 57 etc can he reformulated
into a system of linear congruences and then can be solved using Chinese Remainder theorem.

2 leaves remainder 1,

For example, the above problem can be expressed as a system of three linear congruences
x=1(mod 2), =2 mod(3), x=5mod (7).

X % num[0] = rem[0],

X % num[1] = rem[1],

-----------------------

x % num[k-1] = rem[k-1]
A Naive Approach is to find x is to start with 1 and one by one increment it and check if dividing it with

given elements in num(] produces corresponding remainders in rem[]. Once we find such a x,

we return it

Chinese remainder theorem

X = Z (rem[i]*pp[i]*inv[i])) % prod
0<ic<n-I

rem[i] is given array of remainders

prod is product of all given numbers

prod = num[@] * num[1] * ... * num[k-1]

pp[i] is product of all but num[i]

pp[i] = prod / num[i]
inv[i] = Modular Multiplicative Inverse of

pp[i] with respect to num[i]

Code :
11 chinese_remainder_theorem(vector <11> num,vector <11> rem)

{
// find pp vector
vector <11> pp; // product of all num array except num[i]

pp.clear();

. CODING g
BLOCKS

LA




=~ = | Bl T
plof 1010
‘so|nu 1ad se djqeAed

asimuay0 ‘pedwes ise| ajep ay)
auInjos 8q PINOYs %00q siyL

"ON U01SS8d3Y

e ——————————— ——
Tamad DN

aq (leys sabieyo anp-19A0
210j8q J0 UO Keiqin ayy oy p

Number Theory

11 prod = 111;
for(11 1=@;i<num.size();++1i)
prod *= num[i];
for(11 1=08ji<num.size();++i)
PP.pb(prod/num[i]);
/1 find inv[] vector
// inv[i] is modular inverse of pp[i] with respect to num[i]
vector <11> inv;
inv.clear();
for(ll i=0;i<pp.size();++i)
inv.pb(modular_inverse(pp[i],num[i]-z,num[i]));
// (a*-1)%m when m is prime is (a~(m-2))%m using fermat’s
// now use the sum formula
11 ans = 011;
for(1l i=@;i<pp.size();++i)

{
ans = ans¥%prod + ( ((rem[i]*pp[i])%pr‘od)*(inv[i])%prod Y%prod;

ans %= prod;

}

return ans;

}

Euler Phi Function

Euler’s Phi function (also known as totient function, denoted by @) is a function on natural number
that gives the count of positive integers coprime with the corresponding natural number.

Thus, ¢(8) =4, ¢(9) =6

The value @(n) can be obtained by Euler’s formula :

Let n=p,1 *p,2 *... ... ... *p % be the prime factorization of n. Then

@(n)=n* {1——1—] * (1_i] %, % (1_i]
Py P2 Px
Code :

int phi[] = new int[n+1];
for‘(int 1:2; i <= n; i++)

phifi] = i; //phi[1] is @

\

\ 1 g
fmO
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for(int i=2; i «- n; i++)
( phifi] == i )

for(int J=1; j <= n; J+=1i)
Phil3] = (phi[3j]1/i)*(i-1);

Properties :

If P is prime then g(p) = (p—1) pk-1,

Let dr dz,

4. Number of divisors of n=p, #p,2 % . .. %p 2n
din)=(a, +1) * (@, +1)* ... ... % (a, +1)
5. Sum of divisors:
a;-1 a-1 a,—-1
Sy=PL_«P2" . 4 Pn”
pl -1 p2 =i pn =i
Wilson’s Theorem
If p is a prime, then (p — 1)! = -1 (mod p)
Problem : DCEPC11B (SPOJ)
Hint :
This can be solved using Wisdom theorem
1. Ifn>=panswouldbeO
2. Else we have to use Wilson’s theorem
(p—1)! =—1(modp)
1*2*%3* ..., *(n—=1)*(n)*..... *(p—1)=-1(mod p)
nl(n+1)*..... *(p—1)=-1(mod p)
nl=—-1*[(n+1)*..... (p—2)*(p—1)* -1 (mod p)

¢ function is iplicative, i.e. i
. multiplicative, i.e. if (a,b) = 1 then ¢(ab) = ¢(a)p(b).

Observe that @(1) + ¢(2) + O(3) + 9(6) + (9) + 9(18) =1+1+2+2+6+6=18

Number Theory

...d, be all divisors of n (including n). Then (d1) + @(d2) + ... + o(dk) = n
For Example: The divisors of 18 are 1,2,3,6,9 and 18.
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yder nllﬂvhhull” the binomial coefficieg,

In numt
)(‘ ) 1
't theory, Lucas's Huwnvnlnxpuwsuulhu remall

mc i ,
n by a prime number p in terms of base p expansions of integers m and 1

Formulation :

[mJ_f-I(m,J( do)
" mod p),
nN) J=o\M
Vg Ampt g

¥ k k-
where m=m,p* +m,_p*" +.... +mp+mo and n=n,p" P

Problem : Compute "C % p-.
Given three numbers n, r and p, compute the above value of nC,% p.

Using Lucas Theorem "C,%p
plying results of "¢
!

e of "C, can be computed by multi

Lucas theorem basically suggests that the valu
e individually same-positioned digits i
"c, for individual digits n, and r; i

n base p representations of n and r respectively,

where n, andr, ar
n base p.

The idea is to one by one compute
Code :
#include<bits/stdc++.h>

using namespace std;

int Cal_nCr_mod_p(int n, int T, int p)

{

int C[r+1];
memset(C, 8, sizeof(C));

c[e] = 1;
for (int i = 1; 1 <= nj i++)
{

for (int j = min(i, r); j > 0; j-)
C[3] = (C[3] + C[3-1])%p;
}

return C[r];
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int LucasApproach(i~+ n, int r, int p)
{

if(r==0)

r ) 35

e ‘

{

int n‘i = n%pl =3 = f‘&:p;

result = (LucasApproach(n/p, r/p, p)*Cal_nCr_mod_p(n_i,r_i,p))%p;

return result;
}
}
int main()
{
int n,r,p;
cin>>n>>r>>p;
int result = LucasApproach(n,r,p);
cout<<“nCr mod p is “<<result;
}

Fermat’s little Theorem

Fermat's little theorem states that if p is a prime number, then for any integer @, the numbera?® - g

is an integer multiple of p. In the notation of modular arithmetic, this is expressed as
a’= a (mod p).
Forexample,ifa=2andp=7,27=128,and 128 “2 =7 x 18 is an integer multiple of 7.
If a is not divisible by p, Fermat’s little theorem is equivalent to the statement that @~ ! - 1 is an
integer multiple of p, or in symbols

0°~'=1(mod p)

For example, if a = 2 and p = 7 then 2° = 64 and 64 “ 1 = 63 is thus a multiple of 7.

Problem based on Fermat’s Theorem (Light's New Car) :

Statement : Given A and B, we have to find (A power B) % (1073 + 7) where A, B<=10~100000
First let’s deal with the base A. Now what we have to find is A%({10° + 7). This is beacause, let's

suppose B = n (where n is an integer). A can be expressed as
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int LucasApproach(int n, int r, int p)
{

if(r==0)

return 1;

else

{

int n_1 = n%p, r_i = r%p;

int result = (LucasApproach(n/p, r/p,

return result;

}
}
int main()
£
intn,r,p;
cin>>n>>r>>p;
int result = LucasApproach(n,r,p);
: cout<<“nCr mod p is “<<result;
}

p)*Cal_nCr_mod_p(n_i,r_i,p) )%p;

Fermat’s little theorem states that if p is a prime number, then for any integer g, the number g ? - g
is an integer multiple of p. In the notation of modular arithmetic, this is expressed as

aP= a(mod p).

For example, if a=2 and p =7, 27 =128, and 128 “ 2 = 7 x 18 is an integer multiple of 7.

If a is not divisible by p, Fermat’s little theorem is equivalent to the statement that o ~! — 1 is an

integer multiple of p, or in symbols

aP-1=1 (mod p)

For example, if a = 2 and p = 7 then 25 =64 and 64 “ 1 = 63 is thus a multiple of 7.

Problem based on Fermat’s Theorem (Light’s New Car) :

Sta&ement-; Given A and B, we have to find (A power B) % (1079 + 7) where A, B<=102100000

* First let’s deal with the

base A. Now what we _have to find is A%(10° + 7). This is beacause, let’s

* suppose B = n (where n is an ihte_ger). A can be expressed as

8% CODING
-OCKS
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his implies that
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A=[a*(mod)+b] (where mod = 10° + 7, a and b are integers). T
(AT n) % mod= [(a *(mod) + b) T n]%mod = {[(a * (mod) +b) T 9% mod] *[(a * (mod) +b) T%mod] +

n times % mod =b Tn (where b is nothing but A % mod)

Using modulo properties :
(a% b) %m = ((a%m)% (a + b)%m = (a%m + b%m)%m

. o] - I ‘;)
Now A% (10° + 7) can be found by iterating over the string A and generatig

i v
at the same time taking it’s modulo with (10° + 7) to prevent overflowv
e the concept of fermat’s little theorem as

an integer from it

Now let’s deal with the power B. We can us

xP~1%p = 1 (where p is a prime number)

: = 9
B can be presented as B = a*(p-1)+b (where a and b are integers and p = (10”7 + 7))
Hence AB%p=Al®*P-1Blogp = ([A** P~ ]%p + [AP1%p} %p = (A")%p

Here b is nothing but B %(p — 1)
m and modulo properties
imilar way as A % (10% + 7)

Using Fermat’s little theore

Now B%(p — 1) can found in the s

Finally

Letx=A%(109+7),n=B%(109+7—1)

Required answer would be x%(10° + 7) which can be found out easily by fast modulo exponentiation

in O(logn).

Miller - Rabin Primality Test

The Miller-Rabin primality test or Rabin-Miller primality test is a primality test: an algorithm
which determines whether a given number is prime.

This method is a probabilistic method to find Prime number.

Input #1 : n > 3, an odd integer to be tested for primality;

Input #2 : k, a parameter that determines the accuracy of the test

Output: Composite if n is composite, otherwise probabily prime

write n — 1 as 2".d with d odd by factoring powers of 2 from n-1

WitnessLoop : repeat k times : pick a random integer a in the range [2, n — 2]
x ¢« amodn

ifx=1ory=n-=1 then

continue WitnessLoop

repeat r — 1 times:
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X < x* mod n
ifx =1 then

return CoOmposite
fxmnay then
continue Witne

‘«\l,nu‘\

return composite

return probably prime

Example :
Input: n=13 k=2

1. Computed d and rsuch th

atd*2r=n-1,
d=3,r=2,

2. Call millerTest K times.

1st Iteration:

1. Pick a random number ‘a’ in range (2, n=2)
Suppose a =4

2. Compute: x = pow(a, d) % n
X=43%13=12

3. Since x = (n = 1), return prime.

lind Iteration:
1. Pick a random number ‘a’ in range [2 + n - 2]

Supposea=>5

2. Compute: x = pow(a, d) % n
x=53%13=8

3. x neither 1 nor 12

4. Do following (r—1) = 1 times
(a) x=(x*x)%13=(8*8)%13=12 (b) Since x = (n — 1), return true.
Since both iterations return true, we return prime.

\ 3 7 — sy

:‘Li;,-»' -~ POWPOWS2, Spoj
Problem :

Given three integers a, b, n, 1d < a,b,nd < 10/{5}

2N m0d 1000000007 , where f(n)=("Cj + "Cl+.....+ "C})

CODIN
-~ BLOCK

bk
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Dealing with f(n) : | ’
me (' easy tey; Lindd proos

The function f complicates the expression, but we can notice that f(n)
online, e.g. here, so I'll skip that.

Reducing the Exponents :

it to a more tractable number

o) . 1(mod m) , where () is Euler’s totient

r | .
b M is a huge number and we need to reduce

Euler’s theorem states that if a and m are coprime, then a

function. This is useful because a¥ = Ay mod 0l (mod m) |

Id a bunch of 1s).

The repeated ¢(m)factors in the exponent will yie
rGr'2x5000000O3

m = 10? + 7 which is a prime number, 50 p(m)=m-1= 10"

ay mod 100000006 mOd 1000000007 i

So, we have
In order to find

ta - n, n)
roblem is that oury is also an exponential, y = pian M,

The main difficulty of this p
Mmod 1000000006.

the result, we need first to calculate b2

Finding b "“mod 1000000006 when b is odd
se b is odd. Then, we can apply Euler’s theorem because and 1,000,000,006 are coprime (recall

Suppo
s be coprime with b).

that b < 10° so the 500000003 factor will alway

b(2n, n) - b(Zn, n)modip (1000000006) mod 1000000006

¢(1000000006) = ¢(2) x (500000003) = (2-1) X (500000003 —1) = 500000002)

500000002 = 2 X 412 x 148721500000002 = 2 X 41?x 148721

So, we need to find (2n, n)mod 500000002 which is not prime. Therefore, we need to use another tocl.
the Chinese Remainder Theorem (CRT). We can calculate

(2n, n)mod 2

(2n, n)mod 412

(2n, n)mod 148721
and use CRT to get the result modulo 500000002.

Finding b"?" “'mod 1000000006 b2™ ™ when b is even

Unfortunately, if b is even, b and 1000000006 are not coprime

T:elrlefore, we need CRT again. Our modulus is the product of two primes: 2 and 500,000 S0, ¥
; all find and and use CRT to get the result modulo 1,000,000.006
ote t i ' ' ‘ .

hat when b is even the result modulo 2 is always 0. So, we only need to calcul”’ the resul

ab is Odd‘

modulo 500000003 and (5000000
‘ 03)= (1000000
The only difference is using CRT. 006), so this part is equal to the casé t

Adding everything together
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i i - hi2n,n)
Aﬂe:fuuhngy b mod 1000000006,wecancakuhneaysnod1000000007normanytogettheﬁnm
result.

Code :

#include<bits/stdc++.h>

#define 11 long long int

int t; | “

11 a, b, n;

11 fact[200005];

11 md = 1000000007;

long long int c_pow(1l i, 11 j, 11 mod)

{
if (j == @)
return 1;
11 d;

d = c_pow(i, j / (long long)2, mod);
if (§ % 2 == 0)
return (d*d) % mod;
else
return ((d*d) % mod * i) % mod;

i
11 InverseEuler(ll n, 11 MOD)
{
return c_pow(n, MOD - 2,M0D);
}

11 fact_14[1700][1700];
11 fact_B[150000];

11 min1(1l1l a, 11 b)

{

return a > b ? b I a;

}

void calc_fact()
{
fact[0] = fact[1] = 1;
11 tmd = 148721;
for (int i = 2; i < 200003; ++1)
{
fact[i] = (fact[i - 1] * 1);
if (fact[i] »>= (tmd))
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fact[1] %= (tmd);

}

}
11 fact_41{200005];

11 fact_41_p[200005];
void do_func()
{
fact_a1[0] = 1;
fact_a1_p[e] = o;
for (int 1 = 1; 1 < 200003; ++1)
{
11y = i;
fact_41_p[i] = fact_a1_p[i - 1];
while (y % 41 == 9)
{
y =y / 41;
fact_a1_p[i]++;
}
fact_a1[i] = (y*fact_a1[i - 1]) % 1681 ;
}
}
11 fact_2[200005];
void do_func2()
A
fact_2[0] = 1;
for (int i = 1; 1 < 200005; ++1)

{
fact_2[i] = (i*fact_2[1 - 11) % 2;
}
}
11 get_3rd(11 n, 11 r, 11 MOD)
{

11 ans = (InverseEuler(fact[r],

ans = (fact[n] * ans) % MoD;
return ans;

}
11 inverse2(11 mil, 11 p1)

MOD)*InverseEuler(fact[n = r], MOD)) % | U0;
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11 i = 1;
while (1)
{
((m1*1) X p1 == 1)
aturn i;
144
}
}
11 chinese_remainder_2(11 n1, 11 n2, 11 n3)
{
11 pl = 2, p2 = 1681, p3 = 148721;
11 m1, m2, m3;
11 i1, i2, i3;
11 m;
11 ans;
m = pl*p2*p3;
mli=m/ pl; m2=m / p2; m3 =m / p3;
j1 = InverseEuler(ml, pl); i2 = inverse2(m2, p2); i3 = InverseEuler(m3, p3);
//printf(“il = %11d i2 = %11d\n”,1i1,i2);
ans = (n1*ml*il) % m + (n2*m2*i2) % m + (n3*m3*i3) % m;
ans = anskm;
return ans;
//printf(“%d\n”,ans);
}
int main()
{
ios_base::sync_with_stdio(false);
cin.tie(NULL);
calc_fact();
do_func();
do_func2();
cin > t;
shile (t-)
{
cin >> a » b > n;
if (a == 0 && b == 9)

" CODING
BLOCKS
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cout << “1\n”;
continue;

cout << “1\n”;
continue;

}
11 a1 = (n==8) ? 1 : 6; €81 -
11 a2 = (fact 41[2 * n] * inver‘seZ(faCt_41[n],1681)) % 16 )

= r 4 1681;
a2 = (a2 * inverse2(fact_41[n], 1681)) % ‘
a2 = faz * c pow(41( fact_41_p[2 * n] - 2 * fact_41 pin], 1681)) % 1681;
— 2 — — — —

11 a3 = get_3rd(2 * n, n, 148721);

//cout << al << “ “ << a2 << “ “ << a3 << “\n”;

11 ans = chinese_remainder_2(al, a2, a3);

it (ans == @)ans = 500000002;

11 y1 = c_pow(b, ans, md - 1);

cout << yl << “\n”;

11 z = c_pow(a, y1, md);

cout << z << “\n”;
}
return 9;

}

Best Method for nClr

We want to compute C(n,r)%p where p is prime and N,R <=10A18 :
#include<iostreams

using namespace std;
#include<vectors
/* This function calculates (a*b)%MOD */
long long pow(int a, int b, int MOD)
{

long long x=1,y=a;

while(b > @)

{

if(b%2 == 1)

pINé
S?oc,!“

..
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x=(x*y);
if(x>MOD) x%=MOD;
}
y = (¥Y*y);
if(y>MOD) y%=MOD;
b /= 2;
}
return x;
}
/* Modular Multiplicative Inverse
Using Euler’s Theorem
a~(phi(m)) = 1 (mod m)
ar(-1) = a*(m-2) (mod m) */
long long InverseEuler(int n, int MOD)

{
return pow(n,MOD-2,MOD);
}
long long c(int n, int r, int MOD)
{

vector<long long> f(n + g % B

for (int 1i=2; i<=n;i++)
£[i]= (f[i-1]%1) % MOD;
return (f[n]*((Inversetuler(fr],
MOD;
}

int main()

{
int n,r,p;
while (~scanf(“%d%d%d”,&n,&r,&p))

{

MoD) * InverseEuler(F[n-r],MOD))% MOD)) %

printf("%lld\n”,C(n,r,p));

e et T s e TP et Rt S P 0 S mdh o > I & s
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Modular Exponentiation : |
We can now clearly see that this approach is very inefficient, and we need to come u.p TNlth Somethjy,
better. We can take care of this problem in O(log,b) by using a technique called'exponentuatlon by squarip |
This uses only O(log,b) squarings and O(Iogzb) multiplications. This is a major improvement over the Mog

naive method.

Code :
//Final answer which will be displayed

ans=1
while(b !=0 ) {
/*Finding the right most digit of ‘b’ in binary form, if it is 1, then multiply

the current value of a

in ans. */
if(b&1) { //rightmost digit of b in binary form is 1,
ans = ans*a ;
ol ans exceeds then

ans = ans%c; //at each iteration if value

reduce it to modulo c.

}
a = a*a; /
a %= c; //at each iteration if value of a exceeds then reduce
it to modulo c.
b >>= 1; //Trim the right-most digit of b in binary form.
}
Questions :

1. Find sum of divisors of all the numbers from1ton.n<=10ns5,

(SPOJ DIVSUM)
Here n is relatively small so we can precompute all the divisor sum

which runs in O(NLOGN).

using sieve like approatt

Code :

11 sum[5ee0005];
void sieve()

{
F(i,1,5000002)
{
for(1l j=i;j<=5000002;j+=i) /, every j has i as a divisor
{
sum[j] += %;
i o




}

}

/7 subtract number itself ¢

P2, SH8B601S ber itself from sum if proper divisors are required
sum{i] -= i;

2. Find sum of divisors of 3 number. n <= 10716
(SPOJ-DIVSUM2) |

Explanation :

Here our previous i
appr il si
pproach will fail since we cannot create such large array. Hence we have to factorize

nin the form of p1Ak1 * p24k2...

Now we ca ivi ;
n get the sum of divisors using the formula mentioned in this booklet above.

Code :

/*input

3

2

10

10000000000000000

o 4

#include <bits/stdc++.h>

#include<stdio.h>

using namespace std;

#define F(i,a,b) for(ll i = a; i <= b; i++)
#define RF(i,a,b) for(ll i = a; i >= b; i-)
#define pii pair<1l,11>

#define PI 3.14159265358979323846264338327950288
#define 11 long long

#define ff first

#define ss second

#define pb(x) push_back(x)

#define mp(x,y) make_pair(x,y)

#define debug(x) cout << #x << © = % << X L endl

#tdefine INF 1000000009

#define mod 1000000007

#define S(x) scanf(“%d”,&x)
#define S2(x,y) scanf(“%d%d”,&x,&y)

Number Theory
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#deff.ﬂe p(x) ;(‘in:‘:(”‘:‘d.‘ru")
#define all(v)

v.oegin(}),v.

M

nd()
vector <baol> mark(lim+2,1);
vector <ll> primes;

voild sieve() // we n

{
/111 times = a;
for(ll i=3;ic=lim;i+=2)
{
//times++;
if(mark[i] == 1)
{
for(1l j=i*i ; j <= lim ;j += 2*1)
{
// times++;
mark[j] = ©;
¥
¥
¥
//debug(times);
primes.pb(2);
for(1l i=3;i<=1lim;i+=2)
{
if(mark[i])
primes.pb(i);
}
}
11 power(1l a,11 b) // find a to the power b
{

11 ans = 111;
while(b > @)

{
if(b&1)
ans = ans*a;
a = a*a;
b /= 2;
}

return ans;

|
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}
11 factor‘ize(ll n) // find MUItiplication of all (p/\(k+1)-1)/(p-1) where k is
the power of p in n

{
// exhaust powers of 2 first
11 ¢ = 0;
while(n¥2 == 0)
{
C++;
n = n/2;
}
11 i=6 , ans = 111;
if(c>0)
ans = (power(211l,c+1) - 1);
11 times = ©;
11 p = primes[0];
while(p*p <= n)
{
//times++;
if(n%p == ©) // if p is a prime factor of n
{
11 cnt = ©; // find power of p
while(n¥%p == 0)
{
//times++;
n /= p;
cnt++;
}
// update ans;
11 numerator = power(p,cnt+l) - 1;
//debug(numerator);
11 denom = p - 1;
11 curans = numerator/denom;
ans = ans * (curans);
}
//debug(n);
if(n == 1)
CODING :
BLOCKS
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Sreace:
o e b
14+,
p = primes[i}];
//debug(times);
l.‘(r‘ = :)

std::ios::sync_with_stdio(false);
sieve();

//cout<<primes.size(); //5761455
11t

cin>>t;

while(t-)

{

primes less than

11 n;

cin>>n;

11 ans = factorize(n);
ans -= nj;

cout<<ans<<endl;

}

return 9;

3. Find the value of 1! * 2! * 3*... N! modulo P where P =109546051211.
FACTMUL SPOJ, Chinese Remainder Thm
Explanation :
The naive approach for calculating this value under modulo p will fail since (a*b)%p will overflc
coz p is itself large.
Here is the trick :-

P=pl*p2 where pl=186583p2=587117
leta=11*21*3*_ NI




o
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x1 = a%pl
X2 = 09(\|)2

This is a set of equations satisfying

“N‘ (‘l”‘ (i'“'"lq\ I“‘"l CWe can (,‘h:“'.“(\ ”"n V"'“(' nf 7 “_r.i”u CRT.
Code :

/tinput

5

|
finclude <bits/stdcta.h>
#include<stdio.h>»
using namespace std;
#define F(i,a,b) for(lli = a; i <= b iv4)
fidefine RE(i,a,b) for(ll i = a; i >= b; i—)
#idefine pii pair<i >
#idefine PI 3.14159265358979323846264338327950288
#tdefine Il long long
#define ff first
#idefine ss second
#tdefine pb(x) push_back(x)
#tdefine mp(x,y) make_pair(x,y)
#idefine debug(x) cout << #ix << “ = “ << x << endl!
#tdefine INF 1000000009
#define mod 109546051211 // 186583*587117
#define S(x) scanf(“%d”,&x)
#define S2(x,y) scanf(“%d%d",&x,&y)
#define P(x) printf(“%d\n”,x)
#define all(v) v.begin(),v.end()
Il power(ll a,ll b,Il m)
{
Il ans = 11I;
while(b > 0)
{
if(b&1)
ans = ans*a;
a=a"a;
ans%=m;

a%=m;
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}

b/=2;
}

return ans,

int main()

{

std:iios:isync_with_stdio(false)

'

Il n;
cin>>n;
//use crt since MOD = p1*p2
II'p1 = 186583l
Il p2 =58711711;
/1 find first value with respect to p1 and second value with respect to p2
Ilans_p1 =111, ans_p2=1Il, curfactorial_p1 = Ul, curfactorial_p2 = 11l
F(i,2,n)
{
curfactorial_p1 = curfactorial_p1*i,
curfactorial_p1 %= p1;
curfactorial_p2 = curfactorial_p2*i;
curfactorial_p2 %= p2;
ans_p1l = ans_p1l*curfactorial_p1;
ans_p1 %= p1l;
ans_p2 = ans_p2*curfactorial_p2;
ans_p2 %= p2;
}

//debug(ans_p1);

//debug(ans_p2);

// num([0] = p1, num[1] = p2

// rem[0] = ans_p1 rem[1] = ans_p2

// ppl0] = p2 pp[1] = p1

// prod = p1*p2

// inv[i] = mpdular multiplicative inverse of ppl[i] with respect to numli]
// inv[0] = inverse of p2 w.r.t p1, inv[1] = inverse of p1 w.r.t p2
// first remainder is ans_p1 and second remainder is ans_p2
// (x%p1) = ans_p1

// (x%p2) = ans_p2 , we can combine these two to find x

D T T I e

e ———
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// x = rem[0]*Inv[O]*pp[0] + rem([1]*inv[1)*ppl1)

Il inv_zero = power(p2,p1-21L,p1); // termats

|l inv_first = power(pl,p2-211,p2); // fermats

Il ans = (((ans_pl*inv_zem)“mnni)‘(p)ﬂ.,..md))o“nmd "
(((ans_p2*inv_first)%mod)"p1‘3;‘mmi)‘\\mm{;

ans %= mod;

cout<<ans<<endl|;

return 0;

}

I/ m
@ ' TRY YOURSELVES
s Jf’\

http://www.spoj.com/problems/MAIN74/ //Find first few values and observe pattern
http://www.spoj.com/problems/DIVSUM/ // precomputation or multiplicative formula
http://www.spoj.com/problems/DIVSUM2/  // multiplicative formula
http://www.spoj.pl/problems/NDIVPHI/ // can be solved only using BIG INTEGER or in PYTHON
http://www.codechef.com/problems/THREEDIF // very simple
http://www.spoj.com/problems/LCPCP2/ // very simple
http://www.spoj.com/problems/GCD2/ // tricky
http://www.spoj.com/problems/FINDPRM/
http://www.spoj.com/problems/TDKPRIME/ // simple sieve and precompute
http://www.spoj.com/problems/TDPRIMES/ // same as TDKPRIME
http://www.spoj.com/problems/PRIME1/ //segmented sieve
http://www.spoj.com/problems/FACTMUL/ // CRT
http://www.spoj.com/problems/FACTCG2/ // factorization
http://www.spoj.com/problems/ALICESIE/ // formula
http://www.spoj.com/problems/AMR10C/ // factorization
http://www.spoj.com/problems/DCEPC11B/ // Wilson Theorem
http://www.codechef.com/problems/SPOTWO
http://www.spoj.com/problems/DCEPC13D/ // CRT + LUCAS + FERMAT
http://www.spoj.com/problems/CUBEFR/
http://www.spoj.com/problems/NFACTOR/
http://www.spoj.com/problems/CSQUARE/
http://www.spoj.com/problems/CPRlME/
http://www.spoj.com/problems/ANARCOQC/
http://www.spoj.com/problems/GCDEX/ read this :-

https://discuss.codechef.com/questions/72953/a-dance~with-mobius-function
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http://www.spoj.com/problems/AMRl1E/ // easy sieve »

b theory-ifproblems/
https;//www'haCkerea'lh-COm/challenge/competitive/code-monk. nu

= 5 K-
httl’f~13//www.hackerearth.com/challenge/competitive/wde mon

e ] s Gnd
https://www.hack rearth,com/challenge/competitive/co‘(lc sttt
Advanced Problem - https://www.hackerrank.com/challenges .

2 o M

theory-ii/problems/

Linber-theory=iii/problems/



Binary Search
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Divide and ( onquel

Searching an element in a Sorted Sequence
binary_search(A, target):
lo = 1, hi = size(A)
while lo <= hi:

mid = lo + (hi-lo)/2
if A[mid] == target:
return mid
else if A[mid] < target:
lo = mid+1
else:
hi = mid-1

First Occurrence of an Element
FirstOccur(A, target):
lo = 1, hi = size(A), result=-1;
while lo <= hi:
mid = lo + (hi-lo)/2
if A[mid] == target:
result=mid; high=mid-1;
else if A[mid] < target:

lo = mid+1
else:
hi = mid-1

return res;

Last Occcurrence of an Element

LastOccur(A, target):
lo = 1, hi = size(A), result=-1;

while lo <= hi:
mid = 1o + (hi"lO)/z
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Hoyond Santed airays

Biary search abviously warks on searching for elements In asarted Ay, B
why I warks Is hecanse the array itself is monotonic (either increasing o 4,
pacticular pasitian, you can make a definite call whether the answer lies i 14 |,
Wiet (1ghipart af it But Mast importantly you peed 1o know the range |

NS L ”l'” ' i

stlar thing can he done with monotonic functions (munnlnnically imr:-u-,j,,“ or "“‘-“*aalnu )25
Lels say we have f(x) which increases when x increases, ,
H0, given a prablem of finding x so that 1(x) - Pl can do a binary searc), 1o, K,

/ake Example/

haieliye

Lo ffovent position) i then | will search for values Jower than current position

oAb teurent position) e then | will search for values higher than current position
o0 et position) = p, then | have found my answer.

Opthimlsation Probilems

sudh that;

IF X satisfies (he constraint, anything more than X will satisfy the constraint too.
For a given value of A, you know how to check whether the constraint js satisfied,

Painter's Partition Problem

You have 1o paint hoards of lepgth (A, Ay A, Ay Ay ). There are K painters available and you are als
B 2 z 39

EVEN how much time 3 palnter takes to paint 1 unit of hoard. You have to get this Job done as soon

possible under ()6 Lonstraints that any painter will only paint contiguous sections of hoard.

/Take Exarnple/

Hl:tn'n/-olllun {

as lo)
< The towest possipe value for costmax must be the maximum element in A (name this

e Bighest possipfe value for costmax must be the entire sum of A,
(name this s hi),

T
P et oe-—-.«,g--s--.<—_<m‘. i

\

J———

Lo,
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N
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As costmax increases, x decreases. The opposite also holds true.

~
int painterNum(vector<int> &C, long long X){
e;

long long sum

long long num 1;
for(auto c: C){

if(sum +

——

)

c

3
Ol

}

int paint(int A, int B, vector<int> &C) {

int high=8,low=8;
for(int x: C){low = max(x, low); high += x;}
while(low < high){
long long mid = low + (high-low)>>1;
if(painterNum(C, mid) <= A)high = mid;

else low = mid+1;

return low;

}

Allocate Books

N number of books are given.

The ith book has Pi number of pages.
You have to allocate books to M number of students so that maximum number of pages alloted to a student
A book will be aliocated to exactly one student. £ach student has to be zllocated at least one

is minimum.
be in contiguous order, for exampile: A student cannot be zllocated book 1 and

book. Allotment should
book 3, skipping book 2.
Return -1 if a valid assignment is nat possible
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Problem

Agpressive Cows |

http//www spol.com/problems /AGGIREOW/

Approach

Define the tollowing function:

ance BETWERN any two cow, .

| yat the dist
Func(x) = 11f it is possible to arrange the cows i qtalls such

least x
F“n(’(x) -3 () n""_"le"”
weari h Why 2

wessary far binary
The problem satisfies the monotonicity condition nt cossary

: ‘ x)- 1,
Check that If Func(x)=0, Func(y)=0 tor all y=x and i Func(x)
Funx(y)=1 for ally < x
Find low and high values N ‘ | |
il 1 ael 0. Also, since we have at least 1,
Func(0)=1 trivially since the distance between any two cows 15 at least . Al

N e A-.‘ g ( > Can a(_h:p .
[ i S hl' (?“(’ 20 ”N el no Wdy W 1Dy
an ' ) "(" “lv nlt'“f' ||l { e
COWS, the best we can do Is [)U.h them towards

better. Hence Func(maxbarnpos minbarnpost1)=0.
#tinclude chits/stder+ . h>
using namespace std;
int n,c;
int func(int num,int array(])
{
int cows=1,pos=array(0];
for (int 1=1; i<n; 144)

{
1f (array[i]-pos>=num)
%
COWS++;
1f (cows==c)
return 1;
pos=array[i];
}
}
return 0;
o 8
:fi"t bs(intfarray[])
i o | ‘ | i o
Srbean e gl Fag
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\runc(mid, array)==1)

it (mid>max)

max=mid;

fodo

ni=mid+1;

el

=
<

1/

last=mid;
1
1

return max;

pe—’

scanft(“%d",&t);
while (t-)

{

scanf(“%d %d”,&n,&c);
int array[n];
for (int i=0; i<n; 1i++)
scanf(“%d”,&array[i]);

sort(array,array+n);
int k=bs(array);
printf(“%dn”,K);

}

return 9;
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Greedy Algorithm

5 Greedy Algorithm

P ————————

an | ;
Greedy Algorithin, e one of the mos i {
YU ntbiitive

o dPPl\‘ SOme greedy sipate Alporithims Whoneuo

Or we soe g prablem we first by
] ‘ P
RY 10 get the answer (we

huamang are greody Nt v '

Greedy approaches e Quite simpl S !

B ' ? \””'\ [ &) ,”“l oany | Vi@ /

part might be difticul, Y o undevatand/formulate But many times the proving
S Greedy Algorithm alwave | boe

| Yo makes the choice that looks hest at the moment.

“ 10 " \‘l t" { [IRIR N ‘ ] 11} | e ) ) (

Counting Money

Problem Statement: SUPPONEe you want 1o count out

acer : Y, USi > lewes
xaThin peles & enine i tain amount of money,using the fewest

Greedy Approach

At each step, take the largest possible note or coin that does not overshool the sum of money and
include it in the solution,

Example :

To make Rs 39 with fewest possible notes or coins.

Rs 10 note, to make 29

Rs 10 note, to make 19

Rs 10 note, to make 9

Rs 5 note, to make 4

Rs 2 coin, to make 2

Rs 2 coin, to make 0

Total is 4 notes and 2 coins, which is the optimum solution.
Note : For Indian currency, the greedy algorithm, even after Demonetization always gives the optimum
solution.

Is this true for any currency?

Now that Donald Trump is the new President of US, he decides to do something extraordinary like
M Modi. So he decides to change all the currency notes to 1 dollars, 7 dollars and 10 dollars.




Greedy Algorithm

\\\

Suppose you went to US and used the same greedy approach to count minimum numbers o¢ Notes

coins in exchange for a Burger which costs $15.
To make $15:
1510 note
5 $1 notes
Total = 6 notes
Can we do better than 6?

$7 + $7 +$1 - Only 3 notes required!

PROBLEMS

O BUSYMAN
Activity Scheduling Problem

http://www.spoj.com/problems/BUSYMAN/

#include<iostream>

#include<algorithm>
#include<vector>
using namespace std;
struct cmpr

{

[i

bool operator()(pair<int,int> |, pair<int,int> r)

return |.second < r.second;
}
Jemp;
int main()
{
int t,n,s,e,res;
scanf(“%d”,&t);
while(t—)
{
res=1;
vector<pair<int,int> > activity;
scanf(“%d”,&n);
for(int i = 0;i<n;i++)
{
scanf(“%d %d”,&s,&e);




| gl

Greedy Algorithm

——

activity.push_back(make_pnir(s,u));
}
//Sort the activities according to their finish time
sort(activity.begin(),activity.end(),cmp);
//fin denotes the finish time of the chooaon o
//i.e. activity with least finish time
int fin = activity[O].second;
for(int i = 1;i<activity.size();i++)
{
//To find the next compatible activity with
//least finish time
//Find the first activity whose start time
//is more than finish time of previous activity
if (activity[i].first >= fin)
{
//update the finish time as the finish time
//of this activity
fin = activity[i].second;
//Since we have choosen a new activity,
//increment the count by 1

res++;

}
printf(“%d\n”,res);

}

return 0;

U CONNECTING WIRES
» There are n white dots and n black dots, equally spaced, in a line.
> You want to connect each white dot with some one black dot, with a minimum total length of
“wire”.

Greedy Approach : Suppose you have a sorted list of the white dot positions and the black dot positions.

Then you should match the i-th white dot with the i-th black dot.

CODING
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Why should preedy
Let bO and w0 be the first black and white balls respectively and let bi and wj be the next gy,
black balls.

Case 1: w0 and wj < b0

w0 wj
(i) C(w0, bi) + C(wj, b0) = (bi - wO) + (b0 - wj)

(ii) C(wO, bO) + C(wi, bj) = (b0 - wO) + (bi - wj)
Both are same.

Case 2: w0 < b0 and h0 < wj < bi

b0 bi

wo wj

(i) C(wO, bi) + C(wj, b0) = (bi - w0) + (wj - bO)

(i) C(wO, b0) + C(wi, bj) = (b0 - w0) + (bi - wj)

(i) - (ii) = 2(wj - b0) is extra

Case 3: w0 < b0 and bi < wj
b0

bi

w0 wj
(i) C(wO, bi) + C(wj, b0) = (bi - w0) + (wj - b0)
(ii) (w0, b0) + C(wi, bj) = (b0 - w) + (wj - bi)

(i) - (ii) = 2(bi - b0) is extra
Hence, in all the cases connecting 1st b to 1st w and 2nd b to 2nd w yeilds more optimal solution.

J BIASED STANDINGS
In a competition, each team is be able to enter their preferred place in the ranklist. Suppose that we

already have a ranklist. For each team, compute the distance between their preferred place and their
place in the ranklist. The sum of these distances will be called the badness of this ranklist. Find one

ranklist with the minimal possible badness.

http://vwww.spoj.com/problems/BAISED/
This is question is similar to the connecting wires problem, where the dseired ranks denote the black
balls and the actual ranks denote the white balls. Hence, we can apply the greedy approach by sortiné

the desired ranks and calculating the distance between i-th desired rank and i-th actula rank.

== 1
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Code :
sinclude <bits/stdc++. h>
gsing namespace std;
gdefine abs(a.b)a>b?a-b:b-3a
gdefine Il
¢ main(}
{
nt t;
cin>>t;
while(t—)
{

vector<ini>v;
string name;
I sum=0;
cin>>n;
for(int i=0;i<n;i++)
{
cin>>name;
cin>>temp;
//Insert the desired rank in vector v

v.push_back(temp);
}

//Sort the vector containing the ranks
sort(v.begin(),v.end());
//This is the greedy approach
for(int i=1;i<=n;i++)
{
//Take the difference between the i-th actual rank
//and the i-th desired rank
sum += abs(v[i-1],i);
}
printf(“%Ild\n”,sum);
}

return 0;

}

T = O(nlogn)
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Can we do better?
#iinclude <bits/stdc++.h>
using namespace std;
#define abs(a,b)a>b?a-b:b-a
#define 1l long long
int arr[100000+10];
int main()
{
int t,n,temp;
cin>>t;
while(t—)
{
memset(arr,0,sizeof arr);
string name;
Il sum=0;
cin>>n;
for(int i=0;i<n;i++)
{
cin>>name;
cin>>temp;
//Increment the desired rank index in array arr
arr[temp]++;
}
int pos=1;
//This is the greedy approach
for(int i=1;i<=n;i++)
{
//If the i-th rank was desired by atleast one team
//Assign and increment the actual rank index ‘pos’
//till this rank is desired

while(arr[i])
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sum 4= abs(pos,i);
arr[i]=:
postt;
}
}
prinlf("%I!d\n",sum);

}

return 0

)

T =0(n)

LOAD BALANCER

Rebalancing proceeds in rounds. In each round, every processor can transfer at most one job to
each of its neighbors on the bus. Neighbors of the processor i are the processors i-1 and i+1
(processors 1 and N have only one neighbor each, 2 and N-1 respectively). The goal of rebalancing is to
achieve that all processors have the same number of jobs.Determine the minimal number of rounds
needed to achieve the state when every processor has the same number of jobs, or to determine that
such rebalancing is not possible.

http://www.spoj.com/problems/BALIFE/

Greedy Approach: First find the final load that each processor will have. We can find it by sum(arr{1],
arr[2],...,arr[n])/n, let us call it load.

So in the final state, each of the processor will have final load = load.

For each index i from 1 to n-1, create a partition of (1...i) and (i+1...n) and find the amount of load that
is to be shared between these two partitions. The answer will be maximum of all the loads shared
between all the partitions with i varying from 1 to n-1.

Example :

Initial state: 4, 8, 12, 16

Final state: 10101010

i=1:

partition: (4) (8,12,16)

Load —> (4) needs 6 and (8,12,16) needs to give 6.

max_load = 6

1 -Ia]
]
el
Oy—
x2
12711}
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partition: (4,8) (12,106)

Load—> (4,8) needs 8 and (12,16) needs to give 8.
max_laod =8

i=3:

partition: (4,8,12) (16)

Load—> (4,8,12) needs 6 and (16) needs to give 6.
max_laod =6

Final answer =8

Why does it works?
ferr L rranofer ths

ad is transferred, We can

In all the partitions where less than max_lo
d between 1ne 0

between these partitions when max_laod is being transferre
t=2s:

d = 2 is transferred between (4,8) and (12,16)

—> (4) and (16)—> (12)

when loa

we can transfer load = 2 between (8)
State: 681214

t=4s:
when load = 2 is transferred between (6,8) and (12,14)

we can transfer load = 2 between (8) —> (6) and (14) —> (12)

State: 881212

t = 6s:

when load = 2 is transferred between (8,8) and (12,12)
State: 8101012

t=8s:

when load = 2 is transferred between (8,10) and (10,12)
we can transfer load = 2 between (10) —> (8) and (12) —> (10)
State: 10101010

Code :

#include <bits/stdc++.h>

using namespace std;

int main()

{
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it arr[9000],n, 1, val, diff;
while(1)
{
it max _load = 0, load - 0,
cin=>n;
if(n == -1)
break,
for(inti=0;i<n;iv+)
{
cin>>arrlil;
load += arrlil;
}
//If we cannot divide the load equally
if(load % n)
{
cout<<-l<<endl;
continue,
}
//Find the load that is to be divided equally
load /= n;
//Greedy step
for(int i = 0;i<n;i++)
{
//At each iteration, find the value
//of difference between final load to be assigned
//and current load
//Keep adding this difference in ‘diff’
diff += (arr[i] - load);
//If the net difference is negative i.e.
//we need diff amount till i-th index
if(diff < 0)

max_load = max(max_load, -1*diff);
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1 ditf s pasitive e we have to

/{give diff amout to (n) processars

max_load = max(max_load, diff),
//caleulate the max of load that can be given or
//taken at each eration
1
cout<<max_load<<endl,
}
0;

T=0(n)

J DEFENSE OF A KINGDOM, 5P0J

Problem Statement

Given H,W of a field, and location of towers which guard the horizontal and the vertical lines

correspanding to their positions. Find out the largest unbounded area(white rect). Refer the diagrar

on $poj.

nttpi//wwn.spoj.com/problems/DEFKIN/

Greedy Aoprazch: Given w, h as width and height of the playing field, and the coordinates of the

towmers a5 (21,y1) ... (zM,yM), split the coordinates into two lists x1..xN, y1..yN, sort both of those
f

Then czlculate the empty spaces, e.g. d«[) = { «1, x2-x1, ..., «N - xN-1, (w + 1) - xN }. Do the same 'of the
ardinates: dyl] = { y1, y2-y1,..., yN - yN-1, (h + 1) - yN }. Multiply max(dx)-1 by max(dy)-1 2 dyou §

v
should hase the largest uncovered rectangle. You have to decrement the delta values by one ! 9% ¢
the line coyered by the higher coordinate tower is included in it, but it is not uncovered. *
Code ; :
B rouneqigetrearms ?:
# o ludeglgotithn - ?
, e o, g

at point_sIA000G+10], point_y[46000+10); ;

-+ rnaiol) 1

i,




Gr

L m

:c_'y Algorithm

LWy,
ceant("%d" 8%
while(t=)
{
sean{("ed %d %d”, dw.&h, &n);
fonti= ANTSINERD
{
scani{%d %d”, &point_xlil. &point v
}
//sort the w-eoordinates of the list
SOT{pOINL_X, point_x + n);
/7)sort the y-coordinates of the list
sort{point_y, point_y + n);
Jjdx —> maximum uncoverad tiles in x coordinate
//dy —> maximum uncocerad tiles in y coordinate
//nitially dx and dy are the first guars’s position
ntdx = point_x[0},dy = point_yl0};
//calculate the maximum uncovered gap
//in x and y coordinate
for(int i = L;icmi+e)
{
dx = max{dx,point_x[i] - point_x[i-1]);
dy = max{dy,point_yli] - point_v[i-1]);
)
dx = max(dx, w+1- point_x[n-1]);
dy = max{dy,h+1- point_y[n-1]):
printf{“%d\n”,({dx-1) * {dy-1))):
}

return0;

T = O(nlogn)

Q QUES. CHOPSTICKS
Given N sticks of length L[1], L[2], - L[N] and 2 positive integer D. Two sticks can be pai

difference of their length is at most D.
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Find the max number of pairs.

https://www.codechef.com/problems/TACHSTCK

Greedy Appraoch :

< Sort the list of sticks according to their lengths.

W If L[1] and L[2) cannot be paired, L[1] is useless.

U Else pair L[1) and L[2) and remove them from the list.

U Repeat steps 2-3 till the list become empty.

Why does this works? -
U By pairing starting stick to its immediate next, we have max number of options left fo, Nep
pairing.
O 1f L[1] and L[2] can be paired, but instead we pair (L[1], L[M]) and (L[2], LIN)-
Code :
#include <iostream>
#include <vector>
#include <algorithm>
using namespace std;
typedef long long II;
int main()
{
[l n,d,a;
" vector<ll> v;
cin>>n>>d;
for(inti= 0;i<n;i++)
{
cin>>a;
v.push_back(a);
}
//Sort the list of sticks
sort(v.begin(),v.end());
intres=0;
for(int i = 0;i<n-1;)
{ :
//\f the adjacent difference is less than d |
//we can make a pair

//Now remove these two sticks from the list |
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if(vli+1] - v[i] <= d)

If ~ i
//\f we cannot make a pair with adjacent stick
This stick is S
//This stick is useless, remove this stick from the list
else
i++;

}

cout<<res<<endl;

return 0;

T = O(nlogn)

O EXPEDITION, SPOJ
f fuel for every unit distance

ance of L. The truck leaks one unit o
mber of refueling stops

A damaged truck needs to travel a dist
he path, what is the minimum nu

it travels.There are N (<=1074)fuel stops on t
that the truck needs to make given that it has p amout of fuel initially.

http://www.spoj.com/problems/EXPEDl/

if you want to reach the city, say, point L, yoO
d city must also be reachable.

hich is at most 10000. So, we sort the
if we want to reach it, we must
ill always reduce

The first observation is, u have to ensure that every single

point between the current position an
Now, the task is to minimize the number of stoppages for fuel, w
fuel stations, and start from current position. For every fuel station,
have fuel f more than or equal to the distance d. Also, using the larger capacities W

the number of stations we must stop-

How does greedy work?

If we make sure that we only stop at the largest capicity fuel stations

upto the point where the fuel capacity of truck becomes O, number of

stops will be minimized.
Example:

Initial capacity = 11

Fuel Stations: 3 81012
Capacity: 41023

CODING A S e
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initizlly, we don’t have enough fuel to reach 12.
So we can reach upto maximum 11th city.
In order to minimize our stops, we will stop at Bth city
where fuel capacity is maximum
Code:
Rinclude<iostream>
#include<vector>
#include<queyes
#include<algorithm>
Using name - std;
Bool empr(pair<ing, int> I,pair<int, int> r)
{

return Lfirst > rfirst;
}
int main()
{

int n,t,x,d,f,D,F,prev = 0;

scanf(“%d”,&t);

while{t—)

{

intflag=0,ans =0;
vector<pair<ini, int>>Vv;
priority_queue<in®> pg;
scanf(“%d",&n);

scanf(“%d %d”,&d,&f);
//Insert the city index and fuel capacity
v.push_back(make_pair(d,f));
}
//Sort the cities according to their location
sort{v.begin(),v.end(),cmpr);
scanf{“%d %d”,&D,&F);

e ————————— s .
R—— ~—

//Calculate the difference between the current city and the

//destination i.e. v[i] = j means that we need to travel j
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//units to rach our destination
for(int i = 0;i<n;i++)
{
v(i].first = D - v[i].first;
}
//prev denotes the previous city visited
prev=20;
//x will denote the current city that we are in
x =0;
while(x < n)
{

//cout<<x<<” “<<F<<” “<<v(x] first<<” “<<prev<<” “<<endl;
//\f we have enough fuel to travel from prev to current city
//Push this fuel station to priority_queue
//Reduce the amount of fuel used
//update the previous city
if(F >= (v[x].first - prev))
{
F -= (v[x].first - prev);
pg.push(v[x].second);
prev = v[x].first;
}
//\f we dont have enough fuel to visit
//the current city
//Find the max capacity fuel station between

//prev and current city and use it to refuel
else
{
/Nf no fuel station is left
//i.e. we have used all of
//the fuel stations and still not able
//to reach the city
//return FAIL!
if(pq.empty())
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flag = 1;

break;
}

//\ncrement the fuel capacity of truck
//by the maximum fuel station capacity
F += pq.top();
//Remove that fuel station from heap
pg.pop();
//\ncrement the number of used fuel
/[station by 1
ans++,
continue;
}
//\f we have visited the current city
//Visit next city
X++;
}
if(flag)
{
printf(“-1\n”);
continue;
}
//Find the distance between the destination
//and last city
//Check if it is possible to visit the destination
//from the last city.
D = D - v[n-1].first;
if(F >= D)
{
printf(“%d\n”,ans);
continue;
}
while(F < D)
{
if(pg.empty()){

SRR IN IR TSRS
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flag = 1;
break;
}
F += pq.top();
pa.popl();
ans++;
}
if(flag){
printf(“-1\n");
continue;
}
printf(“%d\n”,ans);
}

return 0;

}

T = O(NlogN)

QO GREEDY KNAPSACK PROBLEM, CODECHEF
You are given N items, each item has two parameters: the weight and the cost. Let’s denote M as the
sum of the weights of all the items. Your task is to determine the most expensive cost of the knapsack,
for every capacity 1, 2, ..., M. The capacity Cofa knapsack means that the sum of weights of the chosen
items can’t exceed C.
https://www.codechef.com/problems/KNPSK
The key observation here is that weight of each item is either 1 or 2.
Greedy Approach: Greedily pickup the most costliest item with
weight <= 2, which can be taken in the knapsack.
Case 1: W is even
Select the most expensive item with sum of weight = 2. This can be done in two ways:
01 Take the most expensive item of weight 2
0 Or take at most two most expensive item of weight 1
Note that after picking up the most expensive item with sum of weight <= 2, we will remove the item
taken and will recursively select the items to fill the most expensive elements.
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Case 2: W is odd

: ’ sider this item apy;
We can simply select the most expensive item of weight 1. Now, we don’t €of 3gain

Now we have to select the most expensive weights from the remaining item
can solve this problem similar to case 1.

s. Since W-1 is even, y,

Example:

171100270

244156244

15613321

21118

118

133

270

Case 1: Even

W = 2:(1,100) +(1,56) = 156

W = 4: 156 +(2,70) = 226

W = 6:226+(1,33) +(1,18) =277
W = 8:277 +(2,44) =321

W =10:321+(2,1)=322

Case 2: Odd

W =1:(1,100) = 100
W=3:100+(1,56) +(1,33) = 189 L
W=5:189+(2,70) =259
W=7:259+(2,44) =303 ’
W=9:321+(1,18)=321
Code :
#include<iostream>
#include<vector>
#include<algorithm>
#include<stdio.h>
using namespace std;

long long cost[200000+10);
int main()

{

int n,w,c,mW = (Q;




//Separate one and two for even and odd ¢

vector<int> one,two,One, Two:

asses

scanf("%d",&n);
for(int i = 0ji<n;i++)
{

scanf(“%d %d”, &w &)
//\nsert weight 1 i
ifflw==1)
one.push o
//\nsert weight 2 items in two vector
else
two.push_back(c);
W +=w;
}
//sort the two vectors
sort(one.begin(),one.end());
sort(two.begin(),two.end());
One =one;
Two = two;
long long sum = 0,cur =0,res = 0;
//even case
for(int i = 2;ic=W;i+=2)
{
//res1l —> when we take atmost two 1 wight items
//res2 —> when we take single 2 weight item
long long res1 =0, res2 =0;
//calcres2
if (two.size() > 0)
{
res2 = two[two.size()-1];
}
//calculate resl
if(one.size() > 1)

{

res1 = one[one.size()-1] + one[one.size()-2);

Greedy Algorithm
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eloe iffone.size() » 0)

{

resl = onelone.size() - 1);
}
/]if res2 > res1 remove the 2 weight item
if(res2 > res1)

{
two.pop_back();
res +=resl,;

}

//remove at most two 1 weight items
else
{
if(one,size() > 1)
{
one.pop_hack();
one.pop_back();
)
clse
one.pop_hack();
res 4= resl;
!
/Jupdate the max cost for weight i
costli] = res;
)
//odd case
//subtract 1 to make the weight sum even
res =),
//¥ind the most expensive 1 weight item
//and remove it from the list
HOne sizel) = 0){
res = Gne(One size()-1];
One.pop_hackl);
]
costfl] = res;

J/5imilar 1 even case

N A I N4 b i i
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for(int i = 3;i<=W;i+=2)
{
fonpgiong resl =0, res? = Q;
H{Two.size() > 0)
{

res2 = TwolTwo size()-1);

res1 - One[One.size()-1] + One[One.size()-2);
(One.size() > 0)

resl = One[One.size()-1];

}

if (res2 > resl)
{
Two.pop_back();
res += res2;

}

else

{
if(One.size() > 1)

{
One.pop_back();
One.pop_baCk();

}
else
One_pop_baCk();

res +=resl;

}
cost[i] = res;
}
for (inti=1;i<=W; i++)
{
it (i>1)
~ CODING
r BLOCKS
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Aprlntf(" “);
printf(“%Ild”, cost[i]);

}
printf("\n");
return 0;

}

T = O(nlogn)

Problems to Try :

1. Fractional Knapsack : Given weights and values of n items, we need put these items in a knagss.,
of capacity W to get the maximum total value in the knap : in break items for Maximize,
the total value of knapsack. ‘

2. Huffman Coding : Huffman coding is a loss! d: Jon algorithm. The idea is to a4,
variable-length codes to inpu® chs - Lo ol the assigned codes are based op 1,
frequencies of corresponding charactors, The most frequent character gets the smallest code 5
the least frequent character gets the largest code. Read about this problem and implemen; .
yourself.

3. Maximum Circles (HackerBlocks) : There are n circles arranged on x-y plane. All of them have the:
centers on x-axis. You have to remove some of them, such that no two circles are overlapping a2
that. Find the minimum number of circles that need to be removed.

4. Maximum Unique Segment(Codechef) : You are given 2 arrays W = (W,, W,, ., W, )andC= (C,.C
., Cy) with N elements each. A range [l, r] is unique if all the elements C, C,,p - C, are unique (i
no duplicates). The sum of the range is Wi+W,  +. + W,

You want to find an unique range with the maximum sum possible, and output this sum.

5. Station Balance - UVa 410

Read and solve the problem statement Online

https://uva.onlinejudge.org/external /4/410.pdf

DIE HARD (Spoj)

6.
7. GERGOVIA (Spoj)
8. SOLDIER (Spoj)
9, CHOCOLA (Spoj)
10. CMIYC (Spoj)
i
NG

I Glocx
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Recursion & Backtracking

Introduction :

Backtracking is a general algorithmic technique that considers searching every possible combination
in order to solve an optimization problem. Backtracking is also known as depth-firs search or branch
and bound. Recursion technique is always used to solve backtracking problems. In this article, we will
see the concept of recursion and backtracking.

Recursion :

When a function calls itself, its called Recursion. It will be easier for those who have seen the movie
Inception. Leonardo had a dream, in that dream he had another dream, in that dream he had yet

another dream, and that goes on. So it’s like there is a function called dream(), and we are just calling

it in itself.

function dream()

{

print “preaming”;
dream();

}

Recursion is useful in sol
kind. But when it comeés to solving pro
of Let’s take a simple example and try to un
factorial of a given number X using recursion.

ving problems which can be broken down into smaller problems of the same
blems using Recursion there are several things to be taken care
derstand those. Following is the pseudo code of finding

function factorial(x)
{
if (x==0) // base case

return 1;

return x*factorial(x-1); // break into smaller problem(s)
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factorial(h)

4
474
l /

factorial(4)

* )"

factorial(3) .

l

et e ettt e .

factoriaI(Z)

y
' i 171
ot ;/

|

factorial(O)

——————

Base cases for Recusive Program :

Any recursive method must have a terminating condition. Terminating condition is one for whic
the answer is already known and we just need to return that. Ex. For the factorial problem, we knos
that factorial(0) = 1, so when x is 0 we simply return 1, otherwise we break into smaller probler
i.e. find factorial of (xd1). If we don’t include a Base Case, the function will keep calling itse”
and ultimately will result in stack overflow. For example, the dream() function given above has
base case. If you write a code for it in any language, it will give a runtime error.

Limitation of Recursive Call :

There is an upper limit to the number of recursive calls that can be made. To preve
sure that your base case is reached before stack size limit exceeds.

So, if we want to solve a problem using recursion, then we need to make sure that:

Q The problem can broken down into smaller problems of same type.

¢ this mak

0 Problem has some base case(s).
O Base case is reached before the stack size limit exceeds.

Backtracking :

When we solve a problem using recursion, we break the given problem into smaller o1es. '-e””
we have a problem PROB and we divided it into three smaller problems P1, P2 and P3. Now itmay ™ X

the case that the solution to PROB does not depend on all the three subproblems, in fact W€ )
even know on which one it depends,
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Let’s take a situation. Suppose y
bag of gold at its end, but vou do
is not the one, then come
it and go into tunnel 3. So

ou . . '
, sre standing in front of three tunnels, one of which is having 3
n't . '
out of it now which one. so you'll try all three. First go in tunnel 1, if that
¢ ot 1 "
» and go into tunnel 2, and again if that is not the one, come out of

basically | : ’
- : lly in backtracking we attempt solving a subproblem, and if we don’t
reach the desired solution, then undo whatever we did

for i and again tr
<olving another subproblem. solving that subproblem, g V4

i Backtracking i i ; .
Basm:!”V ks”. Pr blI . :-n algorithmic paradigm that tries different solutions until finds a solution
that “works”. Problems which are typically solved using backtracking technique have following property

i n. These
" commo. o problems can only be solved by trying every possible configuration and each
configuration is tried only once.

Note : We can solve this by using recursion method.

‘//v dead end

dead end

=
-
N\

dead end

dead end
dead end

o

success!

?

Problems based on Backtracking :

1. N-Queen Problem : Given a chess board having NxN cells, we need to place N queens in such a way
that no queen is attacked by any other queen. A queen can attack horizontally, vertically and
diagonally.

Approach towards the Solution:

We are having N x N unattacked cells where we need to place N- queens. Let’s place the first
queen at a cell (i, j), so now the number of unattacked cells is reduced, and number of queens
to be placed is N — 1. Place the next queen at some unattacked cell. This again reduces the number
of unattacked cells and number of queens to be placed becomes N — 2. Continue doing this, as long

| as following conditions hold.
Q The number of unattacked cells is not equal to 0.
O The number of queens to be placed is not equal to 0.

If the number of queens to be placed becomes 0, then it’s over, we found a solution. But if the

number of unattacked cells become 0, then we need to backtrack, i.e. remove the last placed

' queen from its current cell, and place it at some other cell.
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Let’s N = 4, We have to place 4 queen in 4x4 cells.

Place Queen 1

at(1,1)
8] ™) s}
Place Queen 2 Place Queen 3 °
at(2,3) o at(4,2)
o
No more valid cells
Backtrack
- Place Queen 2 No more valid
O at (2, 4) cells backtrack O
Place Queen 3
at(3,2)
° o)
No more valid Place Queen 3
@  cells backtrack &) at (4, 3) [%)
_— _
[+]
O
No more valid cells
Backtrack
0
Place Queen 2 No more valid
Andsoon... at(3,2) cells backtrack o
R e —

So, final solution of this problem is

So, clearly, we tries solving a subproblem

» if that does not result in the solution, it undo whateve'
changes were made and solve the next subproblem

i . . nit
returns false. If the solution does not exists ( like N=2). the
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2. M Coloring Problems :

Given an undirected graph and a number m, determine if the graph can be colored with at most m

colors such that "O.tWO adjacent vertices of the graph are colored with same color. Here coloring of
a graph means assignment of colors to all vertices.

suppose we have a graph G in the given figure and we need to color the vertex of this graph in such
away that no two adjacent vertices have same color.

This graph coloring problem can be solved using the mechanism of Backtracking concept.

The state space tree for the above map is shown below :

solution X solution X

Hence the above graph can be colored using four colors and four colors are Red, Green, Blue and

Yellow.

3. Robots on lce:

In this problem , W& have given a grid size and a sequence of three check-in points. We need to

find how many different tours are possible for to check-in all those points with equal time interval.
Let’s try to understand this problem with example.

Suppose the given grid size is 3 x 6 and that the three check-in points , in order to visitation are
(2,1), (2, 4) and (0, 4). Robot must start at (0, 0) and end at (0, 1) . It must visit location (2, 1) on step
4 (= #18/a#), location (2, 4) o7 step 9 (= #18/24#), and location (0, 4) on step 13 (= #3 x 18/4#) and at

the end it must visit all 18 squares.

oo

N
IR
ind
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D

Algorithm to generate all the Paths :
While there are untried paths

,__—-——‘—-‘—’_—‘—‘m_” o .H\\

Approach towards the solution :

i yroblem we h
This problem has been break into three main subproblems. In first suby ave to chy,,

2, 1) starting from (0,0)in 4

steps.

all those path via we can reach to square ( |
an reach to square (2,4) starting from (2,1) ing,,
h to square (0,4) starting fr,,
5 (=18 - 13) steps,

After this we have to check all those path via we ¢
9-4) steps. Then we have to check all those paths via we can reac :

1
(2,4) in 4 (=13-9) steps. Now finally we need to rached at squares (0, 1) m

ici ly once.
In above process, we have to remind that Robot must visit every square only once

This is a backtracking problem where we have to check all possible paths to check-in all thy,,

given points.

In this given example , there are only two ways to do this.

2| 314 | 71819 110 2| 314 s |16 9 |10
1] 2| 54 64| 15] 14| 11 1| 2| 174 16f| 7 [ 8 11
ol 1'| 18] 17 16]| 13|] 12 ol 1'/ 18] 15|14 13| 12

0 1 2 3 4 5 o 1 2 3 4 5

Rat in a Maze :

Given a maze, NxN matrix. A rat has to find a path from source to des-ti-na-tion. maze[0][0
(left top corner)is the source and maze[N-1][N-1](right bot-tom cor-ner) is des-ti-na-tion. There
are few cells which are blocked, means rat can-not enter into those cells. The rat can move onlyin
two directions: forward and down.

Approach Towards the Solution :

Here we have to generate all paths from source to destination and one by one check if the generatet
path satisfies the constraints or not.

Let’s the given maze is in the form of matrix whose entries are either 0 or 1. Entry ( represert
the block path from where the rat can’t move. We have to print another matrix whos: entries3¢

either 0 or 1. In output matrix, entry 1 represents the the path of Rat from star' .g point®
destination point.

A T e

{
Generate the next paths |
If this path has all blocks as 1
{
Print this path;
}
}
g ~ = \
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gacktracking Algorithm :
|f destination is reached
print the solution

Else
{ .
a) Mark current cell in solution matrix as 1.

I in horize i i ; ,
b) Move forward @ rizontal direction and recursively check if this move leads to a solution.

enin the above step doesn’t lead to a solution then move down and check of this
move leads to 2 solution.

o If the move chos

d) If none of the above solutions work then unmark this cell as 0 (Backtrack) and return false.

1. Finding Hamiltonian Cycle :

Hamiltonian Path in an undirected graph is a path that visits each vertex exactly once. A Hamiltonian
cycle (or Hamiltonian circuit) is a Hamiltonian Path such that there is an edge (in graph) from
the last vertex to the first vertex of the Hamiltonian Path.Determine whether a given graph contains
Hamiltonian Cycle or not.

Example :

A Hamiltonian Cycle in the above graph is {A, B, C, E, D, A}. There are more Hamiltonian Cycles in
the graph like {A, D, E, C, B, A}.

There is no any Hamiltonian Cycle in the above graph.

Approach towards the solution :

A naive algorithm is to generate all possible configurations of vertices and print a configuration
that satisfies the given constraints. It will be n! (n factorial) configurations.

While there are untried configurations
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Generate the next configuration

If (there are edges between two consecutive vertices of this configuration anc
from the last vertex to the first )
{
Print this configuration;
break;

Backtracking Algorithm :

Create an empty path array and add vertex O to it. Add other vertices, starting from the verte, |
Before adding a vertex, check for whether it is adjacent to the previously added vertex and not alrezs,
added. If we find such a vertex, we add the vertex as part of the solution. If we do not find 2 vertzy
then we return false.

17

= @} TIME TO TRY

Knight’s Tour 2. N-Queen 3, Sudoku Solver

4. Permutations 5. Rat in a Maze 6. T-shirts (Cochef)
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What is a Segment Tree?

A Segment Tree is a full binary tree where each node

wipment Tree

represents an interval

Generally a node
4 would store one or more properties of an interval which can be queried later

o [at031]

2| Al2:3] |

R ———

1 A[O:IIJ
) . _ - ya .
3[ Alo] | a[ A | s[ A2l | 6] A3 |

Segment Tree of an Array consisting of four elements

o

/

Why do we need Segment Tree?

Many problem require that we give results based on query over a range or segment of available data,
This can be a tedious and slow process, especially if the number of queries is large.

A segment tree let’s us process such queries efficiently in logarithmic order of time.

How do we make a Segment Tree?

Let the data be in array arr(]

1
2

Segment Tree generally contain

The root of our tree will represent the

entire Interval of data we are interested in, i.e, arr[0..n-1}.

Each leaf of the tree will represent a range consisting of just a single element. Thus the leaves

rep

resent arr[0], arr[1], ., arr[n-1].

The internal nodes will represent the merged result of their child nodes.

Eac
par

h of the children nodes could represent approximately half of the range represented by thelr

ent.

three types of methods: BUILD, QUERY, UPDATE.
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You are give ot of ;
are given a list of N numbers and Q queries. There aré two types of query:

. S 1 o
0 I r - find the minimum element in range [Lr]-

1ia - update the element at ith position of array to val.

imum element in @ gi [i,j], or update the

The problem states that we have to find min ven range

element of the given array.

Basic Approach
t as we'll be having Q queries

], we can answer the minimum element in O(n). Bu

For any range (i, |
Q times.

then we have to find minimum of a range,
lexity will be O(QxN).
problems and to bring t

So the overall comp
he complexity tO logarithmic time we use

So, to solve range based

Segment Tree.
(initialized 10O all zeros).

e nodes of our segment Tree
ndex 1, i.e, tree[1] is the root

tored at tree[i * 2] and treefi * 2 +1].

we’ll use tree[] to store th
C1 The root of the tree is at i of our tree.

2] The children of treel[i] are s

#include <iostream>

using namespace std;
int tree[400005]; //will store our segment tr

int arr[100005]; //input array

ee structure

BUILD Function :
s three parameter, node, a, b.

Here, Build Function take
int b)

void build_tree(int node, int a,
{ //BUILD function

// node represents the current nod
// a, b represents the current node range

e number

/] for leaf, node range will be single element
// so ‘a’ will be equal to ‘b> for leaf node
if (a == b)
{ //checking if node is leaf
//for single element, minimum will be the element itself
tree[node] = arr[a]; //storing the answer in our tree structure

return;

@ coDING
.~ BLOCKS
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el - in(treelnode®d) & . i
tree[node ] _min(iree(noget2], tree(node * 2 + 11

int query_tree(inl node, int a, 1nt B, i°t i,
J{ i, J represents the rahge to de gueried
if (@ > b |l @ > 3 |] b < i) retors INT_MAX; //oul of range

if (a >= 1 && b <= j)
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{ //current segment is tot
preturn tree[node];

int mid = (& + b) > 13

//Query left child

int g1 = query_tree(node * 2, a, mid, i, J)3

//Query right child

int g2 = query_tree(node * 2 + 1, mid « 1, b, i, IN
return __min{gql, q2); // veturn final result
}
UPDATE Function
// updates the ith element to val
void update_tree(int node, int & °F b, int i, T val)
{ ~
if (a>b |] a>il]]bd<i)rewuny jiout of vange

if (a == b) { //leaf node
tree[node] = val;

return
}

int mid = (a + b) » 1§

update_tree(node * 2, a, mid, i, val); ¢7 updating lefy caild

.
b ]
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int mid = (a + b) > 1;

//middle element of our range
puild_tree(node * 2, 3 mid);

//recursively call for left half
puild_tree(node * 2 4 1,

mid + 1, b);
//1left child and right child are buil
// now build

//call for right half
d

€he parent node using its child nodes
tree[node] = ._min(tree[node*z]’

tree[node * 2 4+ 11);
}

QUERY Function
int query_tree(int node, int a, int b,
{

// 1, j represents the range to be queried

int i, int j)

if (@>b |l a>3 || b<i)return INT_MAX; //out of range
if (a>=1i8& b <= j)

{ //current segment is totally within range[i,j]
return tree[node];

}

int mid = (a + b) > 1;

//Query left child

int ql1 = query_tree(node * 2, a, mid, i, j);

//Query right child

int q2 = query_tree(node * 2 + 1, mid + 1, b, i, j);

return _ min(ql, q2); // return final result
}

UPDATE Function
// updates the ith element to val

void update_tree(int node, int a, int b, int i, int val)

{if (@>b [| a>i|[|b<i)return; //out of range
if (a == b) { //leaf node
tree[node] = val;
return;

}

int mid = (a + b) >» 1;

update_tree(node * 2, a, mid, i, val); // updating left child
\
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a ’ Al ’.’J(’
al); updating right «
update_tree(node * 2 + 1, mid + 1, b, 4, val);//

// updating node with min value
ree ie
tree[node] = _ min(tree[node * 2], tree[nodl

}

e 2 4 1]);

Complexity Analysis

BUILD

there will be n 1 internal ny4,.
We visit each leaf of the Segment Tree. That makes n leaves. Also e

in O(n) linear complexity,
So we process about 2 * n nodes. This makes the Build process run | (n)

E _
oront he range for every level of recursion to reach the appropriz.,

The update process discards half of t rithmic time. After the leaf is updates

leaf in the tree. This is similar to binary search and takes '()[.j e bt o
its direct ancestors at each level of the tree are updated. This takes tim -

So the complexity will be O(lg(n)).

UERY
1C'1he query process traverses depth-first through the tree looking for node(s) that match exact),
with the queried range. At best, we query for the entire range and get our result from the ros:
of the segment tree itself. At worst, we query for a interval/range of size 1 (which corresponds to
single element), and we end up traversing through the height of the tree. This takes time linear t
height of the tree. So the complexity will be O(lg(n)).

Problem : Range Sum
We have an array arr{0,....... n,~ 1} and we have to perform two types of queries:
1. Find sum of elements from index | to r where 0 <= | <= r <= n

2. Increase the value of all elements from | to r by a given number.

As we can build the parent node using its two child nodes. So, we’ll use the Segmen' Teel
answer the sum of elements from | 1o r.

Code :

tree(400005];
arr(160005) ;

JOid b s !
} bulld_tree( |, node, int a, int b)
{ //BUILD function

if (a =x b)

//will store oup segment tree structure
//input array

{ //checking H node is

leaf
//for single Clemeny

Sum wily be the element

——

ih: '”*M‘~_“‘-—_

‘——.\~

itself

—
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tree[node] = arr[a); //storing the answer in our tree structure

return;
}
int mid = (a + b) > q; //middle element of our range
bulld_tree(node * 2, ,, mid); //recursively call for left half
build_tree(node * 2 . L, mid + 1, b); //call for right half
//1eft child and right child are builg
/7 now build the parent node using its child nodes

tree[node] = tree[node * 2] + tree[
}
int query_tree(int node, int a,
{
/! i, j represents the range to be queried
if (@a>b ||l as>j|]bc« i)

return @; //out of range

if (a >=1i && b <= j)

node * 2 + 1];

int b, int i, int j)

{ //current segment is totally within range[i,j]
return tree[node];

}
int mid = (a + b) > 1;
int g1 = query_tree(node * 2, a, mid, i, j); //Query left child
int g2 = query_tree(node * 2 + 1, mid + 1, b, i, j§);
//Query right child
return (ql1 + q2); // return final result
}
void update_tree(int node, int a, int b, int i,int j, int val)
{
if (a>b ] a>3j|] b<i)
return; //out of range
if (a == b)
{ //1leaf node

tree[node] += val;

return;

}
int mid = (a + b) > 1;
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update_tree(node * 2, a, mid, i, j,» val);;// updating left child
update_tree(node * 2 + 1, mid + 1, b, i, i, val); // updating right child
tree[node] = tree(node * 2] + tree[node * 2 + 1];

}

The above approach will query the tree in O(Ig(n)) time. But the problem will arise in the upq,..
function. As updating a single element takes O(Ig(n)) time, now we are doing a range update. So, tp,

overall complexity for update will be O(nlg(n)), which will get TLE as we have to answer for multip,
queries.

Lazy Propagation

In the current version when we update a range, we branch its childs even if the segment is coveres

within range. In the lazy version we only mark its child that it needs to be updated and update it whes
needed.

In short, we try to postpone updating descendants of a node, until the descendants themselves nees
to be accessed.

We use another array lazy[] which is the same size as our segment tree array tree[] to representalazy
node. lazyli] holds the amount by which the node tree[i] needs to be incremented, when that node is

finally accessed or queried. When lazy[i] is zero, it means that node tree(i] is not lazy and has no
pending updates.

UPDATE function

void update_tree(int node, int a, int b, int i,int j, int wval)
{

i (lazy[node] != @)

{ // lazy node

tree[node] += (b - a + 1)*lazy[node]; //normalize current node by removir;
laziness

if (a != b)

{ // update lazy[] for children nodes

lazy[node * 2] += lazy[node];

lazy[node * 2 + 1] 4= lazy[node];

3
J

lazy(node] = @; // remove laziness from current node

{

y
i (a;hlla;j“b(i)
i J/out of range

i (a s« § 4t by .o i)

{ // sepment 4 full

e

/ within update range

... -~
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tree[node] += (b - a 4+ 1)*val; T
if (a l= b)
{ // wpdate lazy[] for children node
lazy[node * 2] += lazy[node]; S
lazy[node * 2 + 1] +=

}

poturng

lazy[node];

1
J

int mid = (a + b) >» 1;

update_tree(node * 2, a, mid, i, j, val);;// updatingleft child

update_tree(node * 2 + 1, mid + 1, b, i, j, val); //updating right child
tree[node] = tree[node * 2] + tree[node * 2 + 1];

}

QUERY function

int query_tree(int node, int a, int b, int i, int J)
{
// i, j represents the range to be queried
if (a>b |l a>j |l b<i)
return INT_MAX; //out of range
if (lazy[node] != 0)
{ // lazy node
tree[node] += (b - a + 1)*lazy[node]; //normalize current node by removing
laziness
if (a l=b)
{ // update lazy[] for children nodes
lazy[node * 2] += lazy[node];
lazy[node * 2 + 1] += lazy[node];
}
lazy[node] = ©; // remove 1
}
if (a>= 1 & b <= J)
{ //current segment is totally within range[i,]]

aziness from current node

return tree[node];
}
int mid = (a + b) > 1;

: int q1 = query_tree(node
\

CODING
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x 2, a, mid, i, j); //Query left child
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Nt q2 =« query tree(node * 2 + 1, mid + 1, b, 1, J);
//Query right child
return (ql + q2); // return final result

)

Using Lazy Propagation the range update will be done in O(Ig(n))time complexity.

Note :

The following lines:

tree[node] += (b - a + 1)*lazy[node]; //normalize currentnode by removing laziness and
tree[node] += (b - a + 1)*val; // update segment and

tree[node] = tree[node * 2] + tree[node * 2 + 1]; //merge updates are specific to Range Sum Query
prablem. Different problems may have different updating and merging schemes.

Problem : GSS1 - Can you answer these queries

You are given a sequence A[1], A[2], ..., A[N] . ( |Ali]| 15007, 1 <N < 50000 ). A query is defined 3
follows:

Query(x,y) = Max { a[i]+a[i+1]+...+a[j] ; x<i< jsy ).

Given M queries, your program must output the results of these queries.

INPUT :
3
-1-2-3
1

12

OUTPUT :
2
http://www.spoj.com/problems/GSS1/

Now we need to use a Segment Tree. But what data to store in each node, such that it i easy!t0
compute the data associated with a given node if we already know the data associated wit its two
child nodes.

We need to find a maximum sum subarray in a given range.

P q

Say we have a as a parent node and P and q as its child nodes. Now we need to build data for @ fromP |
and q such that node a can give the maximum sum subinterval for its range when queried.
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so for this what do we need?? e ——— 2%k

Maximum summ subarray in a can be equal to either:
1. Maximum sum subarray in p er.
2. Maximum sum subarray in

3. Elements including from hoty P

and q
so for each node we need to store:

1. Maximum Prefix “um

i

2. Maximum Suffix Sum

3. Total Sum a.

Best Sum (Maximum Sum Subarray for a)

Maximum Prefix St '»tullu‘cnhnﬂatedfora node as

a.prefix = max(p.prefix,p.total + q.prefix)

Maximum Suffix Sum can be calculated for a node as

a.suffix = max(p.suffix,q.total + p.suffix)
Total Sum
a.total = p.total + q.total

Best Sum
a.best = max(p.suffix + q.prefix , max(p.best,q.best))

Code :

long long int arr[50005]; //input array
struct Tree

{

long long int prefix, suffix, total, best;

}s

Tree tree[200005]; |

void build_tree(long long int node, long long int a, long long int b)
{

llc (a —— b)

{ //leaf node

tree[node].prefix arr[a]; // prefix sum
tree[node].suffix = arr[a]; // suffix sum
tree[node].total = arr[al; // total sum

tree[node].best = arr[a]; // best sum

return;
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Nt mid = (a + b) » 1;

bulld_tree(node * 2, a, mid);

build_tree(node * 2 + 1, mid + 1, b);

tree[node].prefix = max(tree[node * 2].prefix, trec[nodevz].tota]. + tree[node »
2 + 1).prefix); //prefix sum .
tree[node].sugllx = max(tree(node * 2 + 1].suffix, tree[node * 2].suffix +
tree[node * 2 + 1].total); //suffix sum

tree[node].total = tree[node * 2].total + tree[node *2 + 1].total; //‘fotal sum
tree[node].best = max(tree[node * 2].suffix + tree[node «+ 2 + 1].prefix,
max(tree[node * 2].best, tree[node *2 + 1].best)); //best sum

} .

Tree query_tree(long long int node, long long int a, long long int b, long long int
i, long long int J)

{
Tree t;
if (a>b|la>j|lb<i)
{
t.prefix = t.suffix = t.best = INT_MIN ;
t.total = @;
return t;
}
if (a »= 1 && b <= j)
{
return tree[node];
}

long long int mid = (a + b) > 1;
Tree g1 = query_tree(node * 2, a, mid, i, j);

Tree g2 = query_tree(node * 2 + 1, mid + 1, b, i, j);

t.prefizx = max(ql.prefix, ql.total + q2.prefix);

t.suffiz = max(q2.suffix, ql.suffix + g2.total);

t.total = gl.total + q2.total;

t.best = max(ql.suffiyx + q2.prefix, max(ql.best, q2.best));
revurn t; ,
}

Similar Problem: http://vmy, -

poj.com/problems/Gss3/
S an update

The problem also incl
HER operation, rest of the methods are same
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problem : QSET (Queries on the String)
you have a string of N decimal digits, denoted by numbers A1,A2
’rs A1LLA2, ..., AN.

re gi i
Now you are given M queries, each of whom is of following two t
ypes.

1. 1XY Replace AX by Y.
2. 2 CD: Print the number of sub-strings divisible by 3 in range [C,D]

formally, you have to print the number of pairs (i,j
‘ _ i pairs (i,j) such that the string Ai,Ai+1...Aj, (C2i2j <D when
considered as a decimal number, is divisible by 3 g ALAIL...4), (€ 5] £ 0} WAE

INPUT :
53
01245
213
145
235

OUTPUT :
3
1

https://www.codechef.com/problems/QSET

A number is divisible by 3 if sum of its digits are divisible by 3.

Use segment trees. Store in node for each interval,

O the answer for that interval
2 prefix[], where prefix[i] denotes number of prefixes of interval which modulo 3 give i.
0 suffix[], where suffix[i] denote
;|

total sum of interval modulo 3.

s number of suffixes of interval which modulo 3 give i

p q
Answer for interval denoted by a will be:

a.ans = p.ans + q.ans.

(Number of Suffixes in

when taken with modulo 3 gives 2)
ible combinations weé can calc

p which when taken with modulo 3 gives 1) + (Number of Prefixes in g which

—> also gives the substring divisible by 3 in a.

Similarly, for all poss ulate the answer for an interval.

a.ans = p.ans + Q.ans;
for (int i = @; 1 < 3; ++1)

{

%10
pame

:co
rxZ

?
]
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for (Int § = 0; § < 3; +49)
{
(L + ) % 3 an 0)
{
a.ans 4= posuffix[i] * q.prefix(j];

}

How to build prefix and suffix array for a node?

There are p.prefix[i] prefixes of p which when taken modulo with 3 gives i, and there are soms

prefixes which are made by combining whole of p and some prefixes of q.

So, total prefixes in a which when taken modulo with 3 gives i will be:
(Same for suffix)

for (int 1 = 0; 1 < 3; ++1)

{
a.prefix[i] = p.prefix[i] + q.prefix[(3 - gl.total + i) % 3];
a.suffix[i] = q.suffix[i] + p.suffix[(3 - g2.total + i) % 3];

}

Code :
int arr[100005]; //input array

struct Tree

{

int ans;

int prefix[3], suffix[3];

int total;

};

Tree tree[400005];

void build_tree(int node, int a, int b)

{

if (a == b)

{

tree[node].prefix[ar‘r[a] % 3] = 1;
tr‘ee[node].suffix[ar‘r‘[a] % 3] = 1;

tree[node].total = arr[a) % 3;

T . oty
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tree[node].ans = (arrfa] % 3 == 9 ? 1 ; @),
return;

}

int mid = (& + D)

puild_tree(node * 2. a, mid);
build_tree(node 2+ 1, mid + 1, b);

for (int 1 = €7 1 < 37 ++i)

{

tree[node].prefix[i] = tree[node * 2].prefix[i] +

-

tree[node * 2 + 1].prefix[(3 - tree[node * 2].total + i)% 3];
tree[node].suffix[i] = tree[node * 2 + 1].suffix[i] + tree[node * 2].suffix[(3 -
tree[node * 2 + 1].total+ i) X 3];

}
tree[node].total = (tree[node * 2].total + tree[node* 2 + 1].total) % 3;

tree[node].ans = tree[node * 2].ans + tree[node * 2 +1].ans;

for (int 1 = 05 1 < 3; ++1)

PROBLEM : JTREE (Josephland)

and. JosephlLand consists of N cities. City 1 is the capital city.

Nick lives in a country named Josephl
pital city from any city,

There are N - 1 directed roads. It's guaranteed that it is possible to reach ca

and in fact there is a unique path from any city to the capital city.

Besides, you can’t cross roads for free. To pass a road, you must have a ticket. There are total M tickets.

You can not have more than one ticket at a time! Each ticket is represented by three integers:

ith cost w in the city v. This ticket can be used at max k times. That means,

vk w :you can buy a ticket w
after using this ticket for k roads ticket can't be used!
By the way, you can tear your ticket any time and buy a new one. But you are not allowed to buy a

ticket if you are still having a ticket with you!
has Q friends, and he wants to invite all of them for

Nick's home is located in the capital city. He
ow much each of his friends is going to spend in the

dinner! So he is interested in knowing about h

journey!
a route to capital city that minimizes his/her spending!

His friends are quite smart and always choose
time to figure out himself, Can you please help him?

Nick has to prepare dinner, so he doesn’t have

Please note that it’s guaranteed that, one can reach the capital from any city using the tickets!
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INPUT :
77
31
o
76
63
28
43
123
711
235
362
424
5310
6120
3

5

6

7
OUTPUT :
10

22

5
https://www.codechef.com/problems/JTREE

The problem in simple words is:
Given a tree with edges directed towards root and nodes having some ticket information which

b allows you to travel k units towards the root with cost w. Answer Q queries i.e output the minimum
cost for travelling from a node x to root.

Let’s try to solve problem for a node X at depth H from root 1. Think of this path as a 1D vector V where
we have all the H-1 nodes between root and X. The nodes are stored in vector in increasing order of

depth.
Let dp[ x ] be the minimum cost to travel from X to the root.

So, for a given node, iterate over all the tickets present at node X and DP state will be like this:
for(int i=0;i<total_tickets;i++)
{

K=current_ticket_jump_info;

W=weight_ticket_info;

for(int j=V.si ~1:4
r(int j=V.size()-1;5>= max(@,V.size()-1-k);j++) //loop 2

T — - s

B

e

e ———
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pp[xJ=min( DP[X] , DP[V[j]] + w );

we will use DFS to find vector V for every node X

Now the code will be
void dfs(int u,: p)
{
v.push_back(u);
for(int 1=0 ; 1< adj[u].size() ; 1++)
{
if(adj[ul[1]==P)
continue;
int x =adj[ull[l];
for(int i=@;i<total_tickets;i++) // loop 1
{
K=current_ticket_jump_info;
w=weight_ticket_info;
for(int j=V.size()-1;j>= max(e,v.size()-l-k);j++) //loop 2
{
DP[x]=min( DP[x] DP[V[F]] + W );
}
}
dfs(adj[ul[1],u);
}
V.pop_back();
}

The complexity will be O(n + m * n).

But If we look at the inner loop of the code which goes up to K times and we find the minimum of DP,
this can be done using any data structuré that supports RMQ(Range Minimum QUery) + Point updates
in O(logn) time . Which will make the total complexity to be O(N + MlogN).

So we can build a segment tree that Supports two operations.

First : find the minimum element in range L,R and
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Second: update an element’s value to VAL,

will build the e
'

And we need to query for the minimum element between [H-K , H) so we
iny

height H.
Now just print DP[ x ] for every query.

Code :
void dfs(long long int cur, long long int

{
for (int j = @8; j < n_info[cur].size(); ++j)

{ //no. of tickets
long long int k1

h)

n_info[cur][j].first;

long long int wl n_info[cur][j].second;

dp[cur] = min(dp[cur], query tree(1, @, N - 1, max(eLL, h - k1), h) + w1); //
find the min cost from cur to root

}
update_tree(1, @, N - 1, h, dp[cur]); //update the

tree at posn h with its DP value

for(int 1 = @; i < g_tree[cur].size(); ++i)
{

long long int x = g_tree[cur][i];

dfs(x, h + 1);

}
update_tree(1, @, N - 1, h, INF_n); //update the tree at posn h with 'NF as we

are done with its subtree

}

int main()

{

for(int 1 = 0; i < 400003; ++i)
{

tree[i] = INF_n;

dp[i / 4] = INF_n;

}

cin >> N >> M;
for(int 1 = @; 1 < N - 1; ++i)
{

cin >> a >> b;

g_tree[b].push_back(a);

}
for(int 1 = 0; 1 < M; ++i)
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cin >> v >> k >> w;

n_im‘o[v].pus!l_back(make_pair(k, w));
} 5
dp[1] = ©;

update_tree(l, 0, N - 1, o, dp[1]);
dfs(1, 9);

cin >> Q;

while (Q=)

{

cin >> a;

cout << dp[a] << “\n”;

}

return 0;

}

PROBLEM : COUNZ (Counting Zeroes)
You are given an array of N integers(Indexed at 1)

For the given array you have to answer some queries given later. The queries are of 2 types:

1. TYPE1->1LR (whereLandRare integers)
For this query you have to calculate the product of elements of the array in the range L to R (both
inclusive) and print the number of zeros at the end of the result.

2. TYPE2->0LRV (wherelL,R\V are integers)

For this query you have to set the value of all the elements in the array ranging from L to R

(both inclusive) to V.

INPUT :
5
13589
3

125
01410
115

OUTPUT :
1

4

https://www.code
t Tree to answer the queé

chef.com/problems/COUNZ

’ ries.
We’ll use Segmen
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To determine the number of zeroes at the end of a number, we should know number of 2’ and g
its prime factorization.

Number Of Zeroes = min(No. of 2’s, No. of 5's)

Number of Zeroes in product = min(sum of 2's in elements in product, sum of 5’ in elemen, in
product).

Be careful of element having value 0 in product as number of zeroes will be 1.”

Since any array element can have value 0 at any point of time we store 3 values at a node in segmeny
tree sum of number of twos in prime factorization of all the elements in range, sum of number of twog
in prime factorization of all the elements in range and number of elements in range with valye 0.

Now, using lazy propagation we can answer queries in O(log2(MaxA[i])+logN) time.
Total Complexity : O(Nlog2(Max A[i])+Q(log2(Max A[i])+logN))
Code :

void process_node(int node,int num)

{

tree[node][®] = tree[node][1] = tree[node][2] = ©O;
if (num == 0)

tree[node][0]++;

while (num % 2 == @ && num != 9)
{

num /= 2;

tree[node][1]++; //no of 2 in PF of arr[a];
}
while (num % 5 == 0 & & num != @)
{

num /= 5;

tree[node][2]++; //no of 5 in PF of arr[a];
}

return;

}

void build_tree(int node, int a, int b)

{

if (a == b)

{

int num = arr[a];
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prncnsn”nodo(node, num) ;
poturng

i“{ mid = (a * b) » 1;

[nuldﬂtree(node * 2, a, mid);

puild_tree(node * 2+ 1, mid + 1, b);

(or (int & = 0; 1 < 3;++i) //build the parent node
tree[node][i] = tree[node * 2][i] + tree[node * 2+ 1][1];

}

void update_tree(int node, int a, int b, int i, int j,int val)
{

if (lazy[node] I= -1)

( //if lazy

process_node(node, lazy[node]);
for (int 1 = @; 1 < 3; ++i)

tree[node][i] *= (b - a+ 1);
if (a l=b)
{ //not a leaf node

lazy[node * 2] = lazy[node * 2 + 1] = lazy[node]; //mark lazy

}
lazy[node] = -1; //unmark lazy

)
if (a>b |l a?> § || b < i)return;
if (a >= 1 && b <= i)
{
process_node(node, val);
for (int 1 = 0; i ¢ 3;4+1)
tree(node][i] *= (b - a+ 1);
if (a!= b)

{
azy[node * 2 * 1) = val;

lazy[node * 2] = 1
}

return;

}
int mid = (a + by »> 1;

S ' M
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updat e_tree(node * 2, a, mid, i, j, val )}
update_tree(node * 2 + 1, mid + 1, b, i, j, val);

(int 4 = @; 1 < 3; ++1)
v 11117

tree[node][i] = tree[node * 2][i] + tree[node !
}
vold query_tree(int node, inl a, b, int i, i
{
11 (lazy[node] != -1)
{ //if lazy

process_node(node, lazy[node]);

for (int i = @; 1 < 3; ++i)
tree[node][i] *= (b - a + 1); //multiply value by range

if (a != b)

{ //if not 1leaf

lazy[node * 2] = lazy[node * 2 + 1]

times

= lazy[node];//mark as lazy

}

lazy[node] = -1; //unmark lazy
Iy
if(@a>b ]l a>j|]bc<i)
{

q_tree[node][2] = O;

q_tree[node][0] = q_tree[node][1]
returny

)

if (a >=1 && b <= j)

{
for (int 1 = @; 1 < 3;++i)

q_tree[node][i] = tree[node][i];

return;

}

int mid = (a + b) > 1;

query_tree(node * 2, a, mid, i, j);

query_tree(node * 2 + 1, mid + 1, b, i, j);

for (int 1 = 0; 1 < 3; ++i)

q_tree[node][i] = q_tree[node * 2][i] + q_tree[node * 2 + 1][i];
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sef has created a special dividing machi
N i e i N& machine that supports the below given operations on an array of
positive integers. fvan opan S ol an 47580

There are two operations that Chef implemented on the machine
Type © Operation

Update(L,R):

for i = L to R:

a[i] = a[i] / LeastPrimeDivisor(a[i])
Type 1 Operation
Get(L,R):
result = 1
for i = L to R:
result = max(result, LeastPrimeDivisor(a[i]))

return result;

The function LeastPrimeDivisor(x) finds the smallest prime divisor of a number. If the number does
not have any prime divisors, then it returns 1.

Chef has provided you an array of size N, on which you have to apply M operations using the special
machine. Each operation will be one of the above given two types. Your task is to implement the
special dividing machine operations designed by Chef. Chef finds this task quite easy using his machine,

do you too?

INPUT :
2

67
25810344
126
023
126
046
116
016
146
22

13
022
112

———
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QUTPUT :
53511

1

The problem is :

Given an array of numbers A, support the following two queries:
» i H - Ve i ¢
-1 for a given range (L, R, reduce each number in A[L...R] by its smallest prime factor

-1 for a given range [L, R], find the number in A[L...R] with largest smallest prime factor.

When we get the range modification entry, we modify each element in the range one by One,
and hence perform (R - L + 1) single element update queries. This approach would be to sloy, 4 4

makes the complexity of range update query to O ((R-L+ 1) Ig N)

Note that, if the value of an element A[ x ] is 1, then update query on A[ x ] does not have any effs.,
on the segment tree. We call such queries as degenerate queries, and can discard them. Also note 1.
a number M can be written as a product of at most O (lg M) prime numbers, Hence, we can perform ;.
most O (lg M) non-degenerate modification queries on A[ x ] = M all the latter queries wi|l 5.
degenerate. This means that if all numbers in the array are smaller than M, then a most O (N Iz i
non-degenerate single element update queries would be performed. Each single element upda:s
query takes O (lg N) time, and hence all update queries can be performed in O (N Ig M Ig N) time.

Code :
void modified_sieve()
{ //linear time sieve

1p[1] = 1;
for (irt 1 = 2; 1 < maxn; ++i)
{

if (1p[i] == @)

{

1p[i] = i;

prime.push_back(i);

¥

for (int j = 0; § < prime.size() && i*prime[j] <maxn; ++3)
{

Ip{i*prime[j]] = prime[]];

}
}
}
vold build_tree(int node, int a, int b)
{
8

if (a == b)

{

. o

)
! fLo¢
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tree[node] = lp[arr{al]l;
ones[node] = (arr[a] == 1?1 . 0);

“atyrn:
L S T ‘>

}

int mid = (@ + b)) > 1;

puild_tree(node *

:.' a mld);
build_tree(node * 2

+ 1, mid + 1, b);

ones[node] = ones[node * 2] + ones[node * 2 + 1];
tree[node] = max(tree[node * 2], tree[node * 2 + 1]);
}
void update_tree(int node, int a, int b, int i, int j)
{
if(@a>b il a>3 |l bci)
return;

i (a >= 1 & b <= j)

if (ones[node] == (b - a + 1))
{

}

if (@ == b)

{ //leaf node

arr[a] /= lplarr[all;

tree[node] = 1lp[arr[a]l;

ones[node] = (arr[a] == 1 2 1: 8);
}
}
int mid = (@ + b) > 1;
update_tree(node * 2, a, mid, i, 3);
update_tree(node * 2 + 1, mid + 1, b, i, 3);
cnes[node] = ones[node * 2] + ones[node * 2 * 1];
tree[node] = max(tree[node * 2], tree[node * 2 + 3 D ¥

asiirnm .
Ty

}
int query tree(int node, int a, int b, int i, int j)
{

L F(a>bjla>jllbc<ci)

; {

return INT_MIN;
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i && b <= j)
return tree[node);

it mid = (a + b) > 1;

query_tree(node * 2, j);

a, mid, i,

int q1 = |
int q2 = query_tree(node * 2 + 1, mid + 1, b, 1, i);

return ql1 > q2 ? ql1 : q2;
}
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8 Binary Indexed Tree

_ _ s pillive P ‘
ginary Indexed Tree also called Fenwick Tree provides a way to represent an array of numbers in an array,
allowing prefix sums to be calculated efficiently.

Calculating prefix sums efficiently is useful in various scenarios. Let's start with a simple problem.

We are given an array a[], and we want to be able to perform two types of operations on it.
1. Change the value stored at an index i. (This is called a point update operation)
> find the sum of a prefix of length k. (This is called a range sum query)

A straightforward implementation of the above would look like this.

it a[] = {2, 1, 4, 6, -1, 5, -32, 8, 1};
void update(int i, int v) //assigns value v to ali]
{
a[i] = v;
}

‘c prefixsum(int k) //calculate the sum of all a[i] s

uch that 8 <= i < kK

{
inT sum = ©;
for(int i = 0; i < k; i++)
sum += a[i];
return sum;
}

tion, but unfortunately the time required to calculate a prefix sum is proportional to

This is a perfect solu
uch operations are performed.

the length of the array, so this will usually time out when large number of s

Can We Do Better Than This?

One efficient solution is to use segment tree that can perform both operation in O(logN) time.

Using 2inary Indexed Tree also, we can perform both the tasks in O(logN) time. But then why learn another

y !
data structure when segment tree can do the work for us. It's because binary indexed trees require less

space and are very easy to implement during progr\-amming contests (the total code is not more than S-10

15
i

nes)
i
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Binary Indexed Tree

Basic Idea of Binary Indexed Tre

We know the fact that each integer can be represented as sum of powers of two. Similarly, for a given arra
of size 1, we can maintain an array BIT[] such that, at any index we can store sum of some numbers of t

given array. This can also be called a partial sum tree.

Let’s use an example to understand how BIT[] stores partial sums.

//for ease, we make sure our given array is 1-based indexed

int a[] = {6, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16};

@< 16

—_ i ~— 15
— 14
—_ — Lk «— 13
m 12

i — 11

— el 10

o ﬂ«——-z
- i ~— 1

Partial sum tree indices

BIT[16] = a[1] + .......+a[16]
BIT[15] = a[15]

BIT[14] = a[13] + a[14]
BIT[13] = a[13]

BIT[12] = a[9] + ...... +a[12]
BIT[11] = a[11]

BIT[10] = a[9] + a[10]
BIT[9] = a[9]

BIT[8] = al] + a[2] + ... + a[8]
BIT[7] = a[7]

BIT[6] = a[5] + a[6]

BIT[S5] = a[5]

BIT[4] = a[1] +....... +a[4]
BIT[3] = a[3]

BIT[2] = a[1] +a[2]

BIT[1] = a[1]

sums

The value in the enclosed box represents BIT[index]

index]
The above picture shows the binary indexed tree, each enclosed box of which denotes the value BIT(in
and each BIT[index] stores partial sum of some numbers.

Every index i in the BIT[] array stores the cumulative sum from the index i to i - (1<<r) + 1 (both incl!

where r represents the last set bit in the index i.

sive)r
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sum of first 12 numbers in array a[] = BIT|
ik A 12] + BIT[8] = (3[12] +

. " = .. +a[9]) + (a[8] + ... +
f first 6 elements = ) - +al

similarly, sum of first 6 elerments = BIT[6] + BIT(4] = (af6] + a[S]) + (a[4] + .. + a[1]) ”

sum of first 8 elements = BIT[8] = a[3] + __ 4+ a[1)

construct The BIT :

Let’s see how to construct tiiis tree a
i e ‘]d o H
and then we will come back to querying the tree for prefix sums.

IT[ is an array of size = 1 + the si :
:3nit21||y l vaIqu i f e size of the given array a[] on which we need to perform operations.
he B L] are equal to 0. Then we call update() operation for each element of given array
to construct the Binary indexed Tree. The update() operation is discussed below.

void update(int index,int val) ({
while (index <= maxn) {
tree[index] += val;

index += (index & (-index));

}

Suppose we call update(13, 2).

nd thus we need to add 2 to

Here we see from the above figure that indices 13, 14, 16 cover index 13 a

them also.
Initially x is 13, we update BIT[13]

BIT[13] += 2;
13(1101) and add that to x, i.e. x += x&(-x)

then x = 13+1 = 14, we update BIT[14]

Now isolate the last set bit of x =

Last bit is of x = 13(1101) is 1 which we add to x,

BIT[14] += 2;
Now 14 is 1110, isolate last bit and add to 14, x becomes 14+2 = 16(10000), we update BIT[16]

BIT[16] += 2;
) operation is performed on index x we update all the indices of BIT[] which

In this way, when an update(
cover index x and maintain the BIT[].

date() operation,
qual to n (the size of the given array), so we can say that

If we look at the for loop in up we can see that the loop runs at most the number of bits

in index x which is restricted to be less or €
the update operation takes at most O(Iogz(n)) time.

ALOLKS R i e DL

Ocke gur Way 1o Succesy

®




inary Indexed Tree

Query in BIT :
int query(int index) {
int sum = 0;
while (index > @) {
sum += tree[index];

index -= (index & (-index));
}

return sum;

}

The above function query() returns the sum of first x elements in given array. Let’s see how it works.
Suppose we call query(14), initially sum =0
x is 14(1110) we add BIT[14] to our sum variable, thus sum = BIT[14] = (a[14] + a[13])

" Now we isolate the last set bit from x = 14(1110) and subtract it from x last set bit in 14(1110) is 2(10), thus
x=14-2=12
We add BIT[12] to our sﬁm variable, thus sum = BIT[14] + BIT[12] = (a[14] + a[13]) + (a[12] + ... + a[9])

again we isolate last set bit from x = 12(1100) and subtract it from x last set bit in 12(1100) is 4(100), thus
x = 12 — 4 = 8 we add BIT[8] to our sum variable, thus

sum = BIT[14] + BIT[2] + BIT[8] = (a[14] + a[13]) + (a[12] + ... + a[9]) + (a[8] + ... + a[1])

Once again we isolate last set bit from x = 8(1000) and subtract it from x last set bit in 8(1000) is 8(1000),
thus x = 8 — 8 = 0 since x = 0, the for loop breaks and we return the prefix sum.

Talking about complexity, again we can see that the loop iterates at most the number of bits in x which will
be at most n(the size of the given array). Thus the query operation takes O(log2(n)) time.

Wheri To use BIT ?

Before going for Binary Indexed tree to perform operations over range, one must confirm that the operation
or the function is:

Associative. i.e f(f(a, b), ¢) = f(a, f(b, c)) this is true even for seg-tree

Has an inverse. eg:

~ Addition has inverse subtraction (this example we have discussed)
» Multiplication has inverse division

» gcd() has no inverse, so we can’t use BIT to calculate range ged'’s

PROBLEM : INVCNT (Inversion Count)

Let A[0...n - 1] be an array of n distinct positive integers. If i < j and A[i] > A[j] then the pair (i, j) is called a
inversion of A. Given n and an array A your task is to find the number of inversions of A.
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1y with the Indexes :

usually when we are implementi . _
range with values bety "“Zn [le;:ung a BIT is necessarily to map the original values of the array to a new
i elwe A N 3
NJ, where N is the size of the array. This is due to the following reasons:

pt

The values in one or more A[i] entry are too high or too low.

(e.g.10-120r 104 -12).

For example imagine that we are given an array of 3 integers: {1,10012,5}

is mean i )
This means that if we want to construct a frequency table for our BIT data structure, we are going to
need at least an array of 10712 elements.

2. The values in one or more Ali] entry are negative.
Because we are using arrays it’s not possible to handle in our BIT frequency of negative values
(e.g. we are not able to do freq[-12]).
A simple way to deal with this issues is to replace the original values of the target array for indexes that
maintain its relative order.

for example, given the following array:

A 9 1 0 5 -

The first step is to make a copy of the original array A let’s call it B.
Then we proceed to sort B in non-descending order as follow:

sorted copy of the array A
8 0 1 4 5 S

Using binary search over the array B we are going to seek for every element in the array A, and stored

the resulting position indexes (1-based) in the new array A.

binary_search(B,9)=4 found at position 4 of the array B

binary_search(B,1)=1 found at position
0 found at position 0 of the array B

1 of the array B

binary_search(B,0)=
binary_search(B,5)=3 found at

binary_search(B,4)=2 found at position
er increment each position by one is the following:

position 3 of the array B

2 of the array B

The resulting array aft

new array A

’ CODING
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Binary indexed Tree
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The following C++ code fragment illustrate the ideas previously explained:
for{int 1 = B; 1 < N; ++i)
B[1]

A[i]; // copy the content of array A to array B
sort(B, B + N); // sort array B

for(int 1

]

@; 1 < N; ++1) {

int ind = int(lower_bound(B, B + N, A[i]) - B);
A[i] = ind + 1;

Counting inversions with the accumulate frequency :

Initially the cumulative frequency table is empty, we start the process with the element 3, the |35
One in our array.

A - 2 1 - 3

cumuiative frequency array

cjojojo0]|o0

how many numbers less than 3 have we seen so far
x=read{3"1) =0

Inv_countér=inv_counter+x

update the count of 3's so far

update(3,+1)

inv_counter=0

A 5 2 1 4 3

cumulative frequiency array

gi1o0lxl1rlz
{

The cumulative frequency of value 3 was increased in the previous step, this is why the read{4"!
count the inversion (4,3).

{
|

how many numbers less than 4 have we seen so far
x=read{4"1)=1
inv_counter=inv_counter+x |

update the count of 4’s so far




E Binary Indexed Tree.

upd::te(d,& 1)
inv_counters 1

The term 1 is the lowest in our array

- -

cumulative: frequency array

0 0 1 2 2

how many numbers less than 1 have we seen so far
x=read(1"1)=0

inv_counter=inv_counter+x

update the count of 1's so far

update(l,‘o-l)

inv_counter-—-l

And so on for the other elements...

PROBLEM : BAADSHAH

You are provided an array consisting of ‘n” integers and asked to do following op

1. Update the position at uy” of array to “y” ie A[x]=y.

2. Find if there is any prefix in the array whose sum equals to “S".If yes, then output “Fou

last index of prefix, else output “Not Found”.

INPUT :
44
1234

26

1410
216

25
OUTPUT :
Found 3
Found 4

Not Found

https://www.n:odechef.com/P"OblemS/BAADSHAH

Construct a BIT(Binary Indexe

this i i i
is why there is no inversions beginning at 1.

erations:

nd” and the

d Tree) from the given array, where internal nodes represents range

()]

5
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Use Point updates for query 1, and for query 2, using Binary search on range-query g,
where starting range is 1 to n, check if the prefiz sum ezists or not.
Code
P oread(11 inder) |
I osum - o,
(indeyx 5 9) |
sum 4= BIT[index];

index -= (index & (-index));

et Sum;,

void wupdate(ll index, 11 wval) {
while (dndex < maxn) {
BIT[index] 4= val;

index 4= (index & (-index));

int main() {
cin 5 N > WM;
for (int 4 = 1; 1 <= N; ++1i) {
cin >» arr[i];
update(i, arr[i]);

while (M=) { %
11 idx; i
ccin »» type; %

if (type == 1) { i
cin >» a »>> b; é
update(a, b - arr[a]); f

arrfal = b; ﬁ

Nt
o




e Binary Indexed Tree

hool flag = false;

cin >> a;
11 lo = 1, hi = N;
(lo <= hi) {

mid = (10 + hi) >> 1;
11 ans = read(mid);
(ans < a) {

lo = mid + 1;

}
(ans > a) {
hi = mid - 1;

}
else {

flag = true;

idx = mid;
}

}

it (flag)cout << “Found « ¢¢ idx << “\n”;

else cout << “Not Found\n”;

}

return 9;

}

PROBLEM : CTRICK (CARD TRICK)

The magician shuffles a small pack of cards, holds it face down and performs the following

procedure:

The top card is moved to the bottom of the pack. The new top card is dealt face up onto the t2blz.
It is the Ace of Spades.

Two cards are moved one at a time from the top to the bottom. The next card is dealt face up onto

the table. It is the Two of Spades.

Three cards are moved one at a time...

This goes on until the nth and last card turns out to be the n of Spades.
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Binary Indexed Tree
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This impressive trick works if the magician knows how to arrange the cards beforehand (and knows

how to give a false shuffle). Your program has to determine the initial order of the cards for given
number of cards, 1 d” n d” 20000.

INPUT :
2

4

5
OUTPUT :
2143
31452

We are asked to place 1 in 2nd free cell of our answer, then to place 2 in 3rd free cell of our answe

while starting counting from position where we had placed 1 (and starting from the beginning if e
reached end of array), then to place 3 in 4th free cell, and so on.

Now add one more optimization. At every moment we know how many free cells are in our array now.

Assume we are at position X now, need to move 20 free cells forward, and you know that at given
moment

there are 2 free cells before X and 4 free cells after X. It means that we need to find 22nd free cell

starting from beginning of array, which is same as going full circle 3 times and then taking 4th free cell
As we can see, we moved to a problem “find i-th zero in array”.

Code :
int read(int ind) {
int sum = @;
while (ind > @) {
sum += tree[ind];
ind -= (ind & -ind);
}

return sum;

void update(int ind, int val) { 9
while (ind < 20002) {
tree[ind] += val;

ind += (ind & -ind);

E 5Loc¥ £




o ijg_q ler_s_geud Tree

D .

aﬁs[SO“““li
b _t_;r_‘.wl‘(;'l( int (
1 = 1.t
(l ¢ ) g
int omid = (1 + ) > 1,
tt = read(mid);
(tv > val) |
o= midd
}
else if (tt ¢ val) {
1 = mid + 13
}
{ 1 <+ (
o= omid;
i1 (ans[mid] == 0) return mid;
}
}
return 1;
}
int main() {
ios base::Sync_with‘stdio(fnlse);
cin.tie(NULL);
cin > t;

whi "\(‘ (t...) {

cin > n;

memset (tree, ©

for (int 1 = 1;
update (i, 1);

sizcof(tree))i
{ <= nji++) {
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Binary Indexed Tree

fcells = n;
cur = 1;
( i=1; 1 <n+ 1;++1) {
free = i + 1;
freeb read(cur - 1);
freef

yy = free + freeb;

read(n) - freeb;

cell = yy % fcells;
17 (cell == @) cell = fcells;
ret_ind = b_search(cell);
ans[ret_ind] = 1i;
fcells—;
update(ret_ind, -1);

cur = ret_ind;

for (int 1 = 1; 1 < n + 1;++1) {

cout << ans[i] << “ “;

}

cout << “\n*;
}
r' '/“ a;

+] \{‘

DQUER

m

Given il §
a sequence of n numbers @y, 3, .., 3, and a number of d-queries. A d-query is a pair (i,i §

(1=i=]=n). For each d-query (i, j), you have to return the number of distinct elements in the subsequen®

3,33,

by [ = ’
/ / . SN0 roeven fr . 1 9 ™
¥/l rWwn . 5007 . com/problems /D0
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